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NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE
AKINARI HOSHI, KAZUKI KANAI, AND AIICHI YAMASAKI
Abstract. Let k be a field, T be an algebraic k-torus, X be a smooth k-compactification of T and PicX be the
Picard group of X = X ×k k. Hoshi, Kanai and Yamasaki [HKY] determined H
1(k,PicX) for norm one tori
T = R
(1)
K/k
(Gm) and gave a necessary and sufficient condition for the Hasse norm principle for extensions K/k of
number fields with [K : k] = n ≤ 15 and n 6= 12. In this paper, we determine 64 cases with H1(k,PicX) 6= 0 and
give a necessary and sufficient condition for the Hasse norm principle for K/k where [K : k] = 12.
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1. Introduction
Let Sn (resp. An, Dn, Cn) be the symmetric (resp. the alternating, the dihedral, the cyclic) group of degree
n of order n! (resp. n!/2, 2n, n). Let nTm be the m-th transitive subgroup of the symmetric group Sn of degree
n up to conjugacy (see Butler and McKay [BM83], [GAP]). Let k be a field, K/k be a separable field extension
of degree n and L/k be the Galois closure of K/k with Gal(L/k) ≃ G. Then we may regard G as the transitive
subgroup G = nTm ≤ Sn.
Voskresenskii [Vos67] proved that all the 2-dimensional algebraic k-tori are k-rational. This implies that
H1(k,PicX) = A(T ) = X(T ) = 0 where X is a smooth k-compactification of T (see Sections 3 and 4, and also
Manin [Man74, §30]). Kunyavskii [Kun84] showed that, among 73 cases of 3-dimensional k-tori T , there exist
exactly 2 cases with H1(k,PicX) 6= 0 which are of special type called norm one tori. Hoshi, Kanai and Yamasaki
[HKY, Theorem 1.18] determined H1(k,PicX) for norm one tori T = R
(1)
K/k(Gm) with [K : k] = n ≤ 15 and
n 6= 12. We determine 64 cases with H1(k,PicX) 6= 0 when [K : k] = 12 as follows: (Note that there exist
exactly 301 transitive subgroups 12Tm of S12 up to conjugacy (see Royle [Roy87] and [GAP]).)
Theorem 1.1. Let k be a field, K/k be a separable field extension of degree 12 and L/k be the Galois closure
of K/k. Let G = Gal(L/k) = 12Tm (1 ≤ m ≤ 301) be a transitive subgroup of S12 and H = Gal(L/K)
with [G : H ] = 12. Let T = R
(1)
K/k(Gm) be the norm one torus of K/k of dimension 11 and X be a smooth
k-compactification of T . Then H1(k,PicX) 6= 0 if and only if G is given as in Table 1. In particular, if k is a
number field and L/k is an unramified extension, then A(T ) = 0 and H1(k,PicX) ≃X(T ).
In Table 1, V4 ≃ C2 × C2 is the Klein four group, Q8 is the quaternion group of order 8, PSL2(F11) is the
projective special linear group of degree 2 over the finite field F11 of 11 elements, and Sn(m) and An(m) mean
that Sn(m) ≃ Sn = mTx ≤ Sm and An(m) ≃ An = mTx ≤ Sm respectively.
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Table 1: H1(k,PicX) ≃ H1(G, [JG/H ]fl) 6= 0 with G = 12Tm (1 ≤ m ≤ 301)
G H1(k,PicX) ≃ H1(G, [JG/H ]fl)
12T 2 ≃ C6 × C2 Z/2Z
12T 3 ≃ D6 Z/2Z
12T 4 ≃ A4(12) Z/2Z
12T 7 ≃ A4(6)× C2 Z/2Z
12T 9 ≃ S4 Z/2Z
12T 10 ≃ S3 × V4 Z/2Z
12T 16 ≃ (S3)2 Z/2Z
12T 18 ≃ S3 × C6 Z/2Z
12T 20 ≃ A4(4)× C3 Z/2Z
12T 31 ≃ (C4)2 ⋊ C3 Z/4Z
12T 32 ≃ (C2)4 ⋊ C3 (Z/2Z)⊕2
12T 33 ≃ A5(12) Z/2Z
12T 34 ≃ (S3)2 ⋊ C2 Z/2Z
12T 37 ≃ (S3)2 × C2 Z/2Z
12T 40 ≃ ((C3)2 ⋊ C4)× C2 Z/2Z
12T 43 ≃ A4(4)× S3 Z/2Z
12T 47 ≃ (C3)2 ⋊Q8 Z/2Z
12T 52 ≃ (A4 × V4)⋊ C2 Z/2Z
12T 54 ≃ (S4 × C2)⋊ C2 Z/2Z
12T 55 ≃ ((C4)2 ⋊ C3)× C2 Z/2Z
12T 56 ≃ ((C2)4 ⋊ C3)× C2 Z/2Z
12T 57 ≃ ((C4 × C2)⋊ C4)⋊ C3 Z/4Z
12T 59 ≃ (C2)3 ⋊A4(6) Z/2Z
12T 61 ≃ ((C4)2 ⋊ C2)⋊ C3 Z/2Z
12T 64 ≃ ((C4)2 ⋊ C3)⋊ C2 Z/2Z
12T 65 ≃ ((C4)2 ⋊ C3)⋊ C2 Z/2Z
12T 66 ≃ ((C2)4 ⋊ C3)⋊ C2 Z/2Z
12T 70 ≃ (S3)2 × C3 Z/2Z
12T 71 ≃ (C3)3 ⋊ V4 Z/2Z
12T 74 ≃ S5(12) Z/2Z
12T 75 ≃ A5(6)× C2 Z/2Z
12T 77 ≃ (S3)2 ⋊ V4 Z/2Z
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Table 1 (continued): H1(k,PicX) ≃ H1(G, [JG/H ]fl) 6= 0 with G = 12Tm (1 ≤ m ≤ 301)
G H1(k,PicX) ≃ H1(G, [JG/H ]fl)
12T 88 ≃ (C2)4 ⋊A4(6) Z/2Z
12T 92 ≃ (((C4)2 ⋊ C2)⋊ C3)× C2 Z/2Z
12T 93 ≃ (((C4 ⋊ C4)× C2)⋊ C2)⋊ C3 Z/2Z
12T 96 ≃ (((C4)2 ⋊ C3)⋊ C2)× C2 Z/2Z
12T 97 ≃ (((C4)2 ⋊ C3)⋊ C2)× C2 Z/2Z
12T 100 ≃ (((C2)4 ⋊ C3)⋊ C2)× C2 Z/2Z
12T 102 ≃ ((C2)4 ⋊ C3)⋊ C4 Z/2Z
12T 117 ≃ (S3)3 Z/2Z
12T 122 ≃ ((C3)2 ⋊Q8)⋊ C3 Z/2Z
12T 130 ≃ (C3)4 ⋊ V4 ≃ C3 ≀ V4 Z/2Z
12T 132 ≃ ((C3)3 ⋊ V4)⋊ C3 Z/2Z
12T 133 ≃ (C3)3 ⋊A4(4) Z/2Z
12T 144 ≃ (C2)5 ⋊A4(6) Z/2Z
12T 168 ≃ (C3)4 ⋊ (C2)3 Z/2Z
12T 171 ≃ (C3)4 ⋊ (C4 × C2) Z/2Z
12T 172 ≃ (C3)4 ⋊D4 Z/2Z
12T 174 ≃ (C3)4 ⋊Q8 Z/2Z
12T 176 ≃ ((C3)3 ⋊ C2)⋊A4(4) Z/2Z
12T 179 ≃ PSL2(F11) Z/2Z
12T 188 ≃ (C2)6 ⋊A4(6) ≃ C2 ≀ A4(6) Z/2Z
12T 194 ≃ (C3)4 ⋊A4(4) ≃ C3 ≀ A4(4) Z/2Z
12T 210 ≃ (C3)4 ⋊ (D4 × C2) Z/2Z
12T 214 ≃ (C3)4 ⋊ ((C4 × C2)⋊ C2) Z/2Z
12T 230 ≃ (C2)5 ⋊A5(6) Z/2Z
12T 232 ≃ ((C3)4 ⋊Q8)⋊ C3 Z/2Z
12T 234 ≃ ((C3)4 ⋊ C2)⋊A4(4) Z/2Z
12T 242 ≃ (C3)4 ⋊ ((C2)3 ⋊ V4) Z/2Z
12T 246 ≃ (C3)4 ⋊ ((C2)3 ⋊ C4) Z/2Z
12T 255 ≃ (C2)6 ⋊A5(6) ≃ C2 ≀ A5(6) Z/2Z
12T 261 ≃ (S3)4 ⋊ V4 ≃ S3 ≀ V4 Z/2Z
12T 271 ≃ ((C3)4 ⋊ (C2)3)⋊A4(4) Z/2Z
12T 280 ≃ (S3)4 ⋊A4(4) ≃ S3 ≀ A4(4) Z/2Z
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Remark 1.2. Theorem 1.1 enables us to obtain the group T (k)/R of R-equivalence classes over a local field
k via T (k)/R ≃ H1(k,PicX) ≃ H1(G, [JG/H ]fl) for norm one tori T = R(1)K/k(Gm) with [K : k] = 12 (see
Colliot-The´le`ne and Sansuc [CTS77, Corollary 5, page 201], Voskresenskii [Vos98, Section 17.2] and Hoshi, Kanai
and Yamasaki [HKY, Section 8, Application 1]).
Kunyavskii [Kun84] gave a necessary and sufficient condition for the Hasse norm principle for K/k with
[K : k] = 4 (G = 4Tm (1 ≤ m ≤ 5)). Drakokhrust and Platonov [DP87] gave a necessary and sufficient
condition for the Hasse norm principle for K/k with [K : k] = 6 (G = 6Tm (1 ≤ m ≤ 16)). Hoshi, Kanai and
Yamasaki [HKY, Theorem 1.21] gave a necessary and sufficient condition for the Hasse norm principle for K/k
with [K : k] = n ≤ 15 and n 6= 12 (see also [HKY, Section 1]).
Let Z(G) be the center of a group G, D(G) be the derived subgroup of G and Di(G) := D(Di−1(G)) be the
i-th derived subgroup (D0(G) := G). Let Sylp(G) be the p-Sylow subgroup of G where p is a prime number,
NG(G
′) be the normalizer of a subgroup G′ ≤ G in G, Φ(G) be the Frattini subgroup of G, i.e. the intersection
of all maximal subgroups of G, and OrbG(i) be the orbit of 1 ≤ i ≤ n under the action of G ≤ Sn. Let
M16 = 〈x, y | x8 = y2 = 1, yxy−1 = x5〉 be the modular type 2-group of order 16.
By Theorem 1.1, we obtain the following theorem which gives a necessary and sufficient condition for the Hasse
norm principle for K/k with [K : k] = 12 (G = 12Tm (1 ≤ m ≤ 301)): (Note that a place v of k with non-cyclic
decomposition group Gv as in Theorem 1.3 should be ramified in L because if v is unramified, then Gv ≃ Cn.)
Theorem 1.3. Let k be a number field, K/k be a field extension of degree 12 and L/k be the Galois closure
of K/k. Let G = Gal(L/k) = 12Tm (1 ≤ m ≤ 301) be a transitive subgroup of S12, H = Gal(L/K) with
[G : H ] = 12 and Gv be the decomposition group of G at a place v of k. Let T = R
(1)
K/k(Gm) be the norm one
torus of K/k of dimension 11 and X be a smooth k-compactification of T . Then A(T ) = X(T ) = 0 except for
the 64 cases in Table 1. For the 64 cases in Table 1, we have:
(1) G = 12Tm (m = 2, 3, 4, 7, 9, 16, 18, 20, 33, 34, 40, 43, 47, 52, 55, 64, 65, 70, 71, 74, 75, 96, 97, 117, 122, 130, 132,
133, 168, 171, 172, 174, 176, 179, 194, 232, 234, 246, 261, 280) (40 cases) (cf. Tate [Tat67, page 198] for Galois cases
12T 2 ≃ C6 × C2, 12T 3 ≃ D6 and 12T 4 ≃ A4(12)). We have X(T ) ≤ Z/2Z.
For G = 12T 2 ≃ C6×C2, 12T 3 ≃ D6, 12T 4 ≃ A4(12), 12T 16 ≃ (S3)2, 12T 18 ≃ S3×C6, 12T 20 ≃ A4(4)×C3,
12T 33 ≃ A5(12), 12T 70 ≃ (S3)2 × C3, 12T 71 ≃ (C3)3 ⋊ V4, 12T 130 ≃ (C3)4 ⋊ V4 ≃ C3 ≀ V4, 12T 132 ≃
((C3)
3
⋊ V4) ⋊ C3, 12T 133 ≃ (C3)3 ⋊ A4(4), 12T 179 ≃ PSL2(F11) and 12T 194 ≃ (C3)4 ⋊ A4(4) ≃ C3 ≀ A4(4),
X(T ) = 0 if and only if there exists a place v of k such that V4 ≤ Gv.
For G = 12T 7 ≃ A4(6) × C2, 12T 9 ≃ S4, 12T 74 ≃ S5(12) and 12T 75 ≃ A5(6) × C2, X(T ) = 0 if and only
if there exists a place v of k such that V4 ≤ Gv where V4 ∩ D(G) = V4 (equivalently, |OrbV4(i)| = 2 for any
1 ≤ i ≤ 12) with D(G) ≃ V4, A4, A5, A5 for 12T 7, 12T 9, 12T 74, 12T 75 respectively.
For G = 12T 34 ≃ (S3)2 ⋊ C2 and 12T 172 ≃ (C3)4 ⋊D4, X(T ) = 0 if and only if there exists a place v of k
such that D4 ≤ Gv.
For G = 12T 40 ≃ ((C3)2 ⋊C4)×C2 and 12T 171 ≃ (C3)4 ⋊ (C4 ×C2), X(T ) = 0 if and only if there exists a
place v of k such that C4 × C2 ≤ Gv.
For G = 12T 43 ≃ A4(4) × S3, X(T ) = 0 if and only if there exists a place v of k such that V4 ≤ Gv
where V4 ∩ S3 = 1 for the unique characteristic subgroup S3 ⊳G of order 6 (equivalently, |OrbV4(i)| = 4 for any
1 ≤ i ≤ 12).
For G = 12T 47 ≃ (C3)2 ⋊ Q8, 12T 122 ≃ ((C3)2 ⋊ Q8) ⋊ C3, 12T 174 ≃ (C3)4 ⋊ Q8 and 12T 232 ≃ ((C3)4 ⋊
Q8)⋊ C3, X(T ) = 0 if and only if there exists a place v of k such that Q8 ≤ Gv.
For G = 12T 52 ≃ (A4 × V4)⋊ C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where V4 ∩ (A4 × V4) ≃ C2, V4 ∩ Z(G) = 1 and V4 ∩ D2(G) = 1 for the characteristic subgroup
A4 × V4 ⊳G of order 48 (equivalently, |OrbV4(i)| = 4 for any 1 ≤ i ≤ 12 and V4 ∩D2(G) = 1),
(ii) C4 × C2 ≤ Gv where (C4 × C2) ∩ (A4 ⋊ C4) ≃ V4 (resp. C4 × C2 ≤ S4 × C2) for the characteristic subgroup
A4 ⋊C4 ⊳G (resp. S4 ×C2 ⊳G) of order 48 (resp. 48) (equivalently, |OrbC4×C2(i)| = 4 for 8 of 1 ≤ i ≤ 12 and
|OrbC4×C2(i)| = 2 for 4 of 1 ≤ i ≤ 12), or
(iii) D4 ≤ Gv where D4 ∩A4 ≃ V4 (resp. D2(G) ≤ D4) for the unique characteristic subgroup A4 ⊳G (resp. the
characteristic subgroup D2(G) ≃ V4 ⊳G) of order 12 (resp. 4) (equivalently, |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12
and |OrbD4(i)| = 2 for 4 of 1 ≤ i ≤ 12).
For G = 12T 55 ≃ ((C4)2⋊C3)×C2, X(T ) = 0 if and only if there exists a place v of k such that C4×C4 ≤ Gv.
For G = 12T 64 ≃ ((C4)2 ⋊ C3)⋊ C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) D4 ≤ Gv where Φ(D2(G)) ≤ D4 for the unique characteristic subgroup Φ(D2(G)) ≃ V4 ⊳ G of order 4
(equivalently, |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 2 for 4 of 1 ≤ i ≤ 12), or
(ii) (C4)
2 ≤ Gv.
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For G = 12T 65 ≃ ((C4)2 ⋊ C3)⋊ C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) M16 ≤ Gv, or
(ii) (C4)
2 ≤ Gv.
For G = 12T 96 ≃ (((C4)2 ⋊ C3)⋊ C2)× C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where V4 ∩ Syl2(D(G)) = 1 and V4 ∩ Z(G) = 1 (resp. V4 ∩ Syl2(D(G)) = 1 and V4 ∩ Z(G) = 1,
resp. V4 ∩ Z(G) = 1 and V4 ∩ Z(G) = 1), for characteristic subgroups D(G) ≃ (C4)2 ⋊ C3, Syl2(D(G)) ≃ (C4)2,
Z(G) ≃ C2, Φ(Syl2(D(G))) ≃ V4 ⊳ G (equivalently, V4 ∩ Z(G) = 1 with Z(G) ≃ C2 and V4 ∩ D(G) = 1 with
D(G) ≃ (C4)2 ⋊ C3),
(ii) C4×C2 ≤ Gv where (C4×C2)∩12T 55 ≃ V4 (resp. (C4×C2)∩Syl2(12T 55) ≃ V4) for the unique characteristic
subgroup 12T 55 ≃ ((C4)2⋊C3)×C2⊳G (resp. Syl2(12T 55) ≃ (C4)2×C2⊳G) of order 96 (resp. 32) (equivalently,
(C4 × C2) ∩ Z(G) ≃ C2 and (C4 × C2) ∩D(G) ≃ C2),
(iii) D4 ≤ Gv where D4∩D(G) ≃ V4 (resp. D4∩Syl2(D(G)) ≃ V4, resp. Φ(Syl2(D(G))) ≤ D4) with Syl2(D(G)) ≃
(C4)
2 ⊳G, Φ(Syl2(D(G))) ≃ V4 ⊳G (equivalently, |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 2 for 4
of 1 ≤ i ≤ 12), or
(iv) (C4)
2 ≤ Gv.
For G = 12T 97 ≃ (((C4)2 ⋊ C3)⋊ C2)× C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) (C4)
2 ≤ Gv,
(ii) C8 × C2 ≤ Gv, or
(iii)M16 ≤ Gv whereM16∩D(G) ≃ C4×C2 (equivalently, |OrbM16(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbM16 (i)| = 2
for 4 of 1 ≤ i ≤ 12) with D(G) ≃ (C4)2 ⋊ C3.
For 12T 117 ≃ (S3)3 and 12T 176 ≃ ((C3)3 ⋊ C2)⋊ A4(4), X(T ) = 0 if and only if there exists a place v of k
such that V4 ≤ Gv where V4∩Dih((C3)3) = 1 for the unique characteristic subgroup Dih((C3)3) ≃ (C3)3⋊C2⊳G
of order 54 (equivalently, |OrbV4(i)| = 4 for any 1 ≤ i ≤ 12).
For 12T 168 ≃ (C3)4⋊(C2)3 and 12T 234 ≃ ((C3)4⋊C2)⋊A4(4), X(T ) = 0 if and only if there exists a place v of
k such that V4 ≤ Gv where V4∩Dih((C3)4) = 1 for the unique characteristic subgroup Dih((C3)4) ≃ (C3)4⋊C2⊳G
of order 162 (equivalently, |OrbV4(i)| = 4 for any 1 ≤ i ≤ 12).
For G = 12T 246 ≃ (C3)4 ⋊ ((C2)3 ⋊ C4), X(T ) = 0 if and only if there exists a place v of k such that
Syl2(G) ≃ (C32 )⋊ C4 ≤ Gv.
For G = 12T 261 ≃ (S3)4 ⋊ V4 ≃ S3 ≀ V4 and G = 12T 280 ≃ (S3)4 ⋊A4(4) ≃ S3 ≀A4(4), X(T ) = 0 if and only
if there exists a place v of k such that
(i) V4 ≤ Gv where V4 ∩ (S3)4 = 1 (resp. V4 ∩D(12T 261) = 1) for the unique characteristic subgroup (S3)4 ⊳ G
(resp. D(12T 261) ≃ (C3)4⋊(C2)3⊳G) of order 1296 (resp. 648) (equivalently, |OrbV4(i)| = 4 for any 1 ≤ i ≤ 12),
(ii) C4 × C2 ≤ Gv where (C4 × C2) ∩ (S3)4 ≃ C2 (resp. (C4 × C2) ∩ D(12T 261) ≃ C2) with (S3)4 ⊳ G (resp.
D(12T 261) ≃ (C3)4 ⋊ (C2)3 ⊳G) (equivalently, |OrbC4×C2(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 4 for
4 of 1 ≤ i ≤ 12),
(iii) D4 ≤ Gv where D4 ∩ (S3)4 ≃ C2 with (S3)4 ⊳ G (equivalently, |OrbD4(i)| = 8 for 8 of 1 ≤ i ≤ 12 and
|OrbD4(i)| = 4 for 4 of 1 ≤ i ≤ 12),
(iv) Q8 ≤ Gv, or
(v) (C2)
3
⋊ C3 ≤ Gv.
(2) G = 12Tm (m = 10, 37, 54, 56, 59, 61, 66, 77, 88, 92, 93, 100, 102, 144, 188, 210, 214, 230, 242, 255, 271) (21
cases). We have X(T ) ≤ Z/2Z. We assume that H is the stabilizer of one of the letters is G.
For G = 12T 10 ≃ S3 × V4 and G = 12T 37 ≃ (S3)2 × C2, X(T ) = 0 if and only if there exists a place v of k
such that V4 ≤ Gv where |OrbV4(i)| = 4 for any 1 ≤ i ≤ 12.
For G = 12T 54 ≃ (S4 × C2)⋊ C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and V4 ∩D(G) ≃ C2 with D(G) ≃ A4 × C2,
(ii) C4 × C2 ≤ Gv where |OrbC4×C2(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 2 for 4 of 1 ≤ i ≤ 12, or
(iii) D4 ≤ Gv where |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12, |OrbD4(i)| = 2 for 4 of 1 ≤ i ≤ 12, and D2(G) ≤ D4
with D2(G) ≃ V4 ⊳G.
For G = 12T 56 ≃ ((C2)4⋊C3)×C2, X(T ) = 0 if and only if there exists a place v of k such that (i) V4 ≤ Gv
where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and (i-1) V4 ∩D(G) ≃ C2 with D(G) ≃ (C2)4 ⊳G, V4 ∩ Z(G) = 1 with
Z(G) ≃ C2 ⊳G and any non-zero element of V4 is a product of 4 (different) transpositions or, (i-2) V4 ≤ D(G),
V4 ∩ Z(G) = 1 and V4 is not a normal subgroup of NS12(G) with NS12(G) ≃ ((((C2)4 ⋊ C2)× C2)⋊ C3)⋊ C2.
For G = 12T 59 ≃ (C2)3⋊A4(6) and G = 12T 88 ≃ (C2)4⋊A4(6), X(T ) = 0 if and only if there exists a place
v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and V4 ∩ Z(Syl2(G)) = 1 for the characteristic subgroup
Z(Syl2(G)) ≃ V4 ⊳G of order 4 with Syl2(G) ≃ (C2)3 ⋊ V4 ⊳G, or
(ii) (C4 × C2)⋊ C2 ≤ Gv.
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For G = 12T 61 ≃ ((C4)2 ⋊ C2)⋊ C3, X(T ) = 0 if and only if there exists a place v of k such that
(i) D4 ≤ Gv where |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 2 for 4 of 1 ≤ i ≤ 12, and D4 ∩N8 ≃ C2
for the unique characteristic subgroup N8 ≃ (C2)3 ⊳G of order 8, or
(ii) (C4)
2 ≤ Gv.
For G = 12T 66 ≃ ((C2)4 ⋊ C3)⋊ C2, X(T ) = 0 if and only if there exists a place v of k such that
(ii) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and NG(V4) ≃ (C2)4 ⋊ C3, or
(iii) D4 ≤ Gv where |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 2 for 4 of 1 ≤ i ≤ 12.
For G = 12T 77 ≃ (S3)2 ⋊ V4 and G = 12T 210 ≃ (C3)4 ⋊ (D4 × C2), X(T ) = 0 if and only if there exists a
place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 4 for any 1 ≤ i ≤ 12,
(ii) C4 × C2 ≤ Gv, or
(iii) D4 ≤ Gv where |OrbD4(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 4 for 4 of 1 ≤ i ≤ 12.
For G = 12T 92 ≃ (((C4)2 ⋊ C2)⋊ C3)× C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) D4 ≤ Gv where |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 2 for 4 of 1 ≤ i ≤ 12, and D4 ∩N16 ≃ C2
for the unique characteristic subgroup N16 ≃ (C2)4 ⊳G of order 16, or
(ii) (C4)
2 ≤ Gv.
For G = 12T 93 ≃ (((C4 ⋊C4)×C2)⋊C2)⋊C3, X(T ) = 0 if and only if there exists a place v of k such that
(i) C4 ⋊ C4 ≤ Gv where |OrbC4⋊C4(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbC4⋊C4(i)| = 2 for 4 of 1 ≤ i ≤ 12, or
(ii) (C4 ⋊ C2)⋊ C4 ≤ Gv.
For G = 12T 100 ≃ (((C2)4 ⋊ C3)⋊ C2)× C2, X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and (i-1) NG(V4) ≃ (C2)4, (i-2) NG(V4) ≃ ((C2)4⋊C3)×C2,
or (i-3) NG(V4) ≃ (C2)5 and any non-zero element of V4 is a product of 4 (different) transpositions, or
(ii) C4 × C2 ≤ Gv where |OrbC4×C2(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 2 for 4 of 1 ≤ i ≤ 12, or
(iii) D4 ≤ Gv where |OrbD4(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 2 for 4 of 1 ≤ i ≤ 12.
For G = 12T 102 ≃ ((C2)4 ⋊ C3)⋊ C4, X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and (i-1) V4 ∩ D(G) ≃ C2 with D(G) ≃ (C2)4 ⋊ C3 ⊳ G,
V4 ∩ Z(G) = 1 with Z(G) ≃ C2 ⊳G and any non-zero element of V4 is a product of 4 (different) transpositions
or, (i-2) V4 ≤ D(G), V4 ∩ Z(G) = 1 and V4 is not a normal subgroup of G,
(ii) C4 × C2 ≤ Gv where |OrbC4×C2(i)| = 4 for 8 of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 2 for 4 of 1 ≤ i ≤ 12, or
(iii) G16,3 := (C4 × C2) ⋊ C2 ≤ Gv where |OrbG16,3(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbG16,3(i)| = 2 for 4 of
1 ≤ i ≤ 12.
For G = 12T 144 ≃ (C2)5 ⋊A4(6), X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12, V4 ∩D2(G) = 1 with D2(G) ≃ (C2)3 ⊳G and NG(V4) ≃
((C2)
4
⋊ C3)× C2 is transitive in S12,
(ii) (C4)
2 ≤ Gv,
(iii) G16,3 := (C4 × C2)⋊ C2 ≤ Gv where |OrbG16,3(i)| = 4 for any 1 ≤ i ≤ 12,
(iv) C4 ⋊ C4 ≤ Gv, or
(v) (C4 × C2)⋊ C4 ≤ Gv.
For G = 12T 188 ≃ (C2)6 ⋊A4(6) ≃ C2 ≀ A4(6), X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and V4 ∩ E64 = 1 for the unique characteristic subgroup
E64 ≃ (C2)6 ⊳G of order 64,
(ii) C4 × C2 ≤ Gv where |OrbC4×C2(i)| = 4 for 4 of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 2 for 8 of 1 ≤ i ≤ 12,
(iii) D4 ≤ Gv where |OrbD4(i)| = 4 for 4 (resp. 8) of 1 ≤ i ≤ 12, |OrbD4(i)| = 2 for 8 (resp. 4) of 1 ≤ i ≤ 12,
D4 ∩ E64 ≃ C2 (resp. C2) with E64 ≃ (C2)6 ⊳ G and D4 ∩ ((C4)2 × C2) ≃ C2 (resp. C4) for the unique
characteristic subgroup (C4)
2 × C2 ⊳G of order 32,
(iv) (C4)
2 ≤ Gv where (iv-1) |Orb(C4)2(i)| = 4 for 8 of 1 ≤ i ≤ 12, |Orb(C4)2(i)| = 2 for 4 of 1 ≤ i ≤ 12 or (iv-2)
|Orb(C4)2(i)| = 4 for any 1 ≤ i ≤ 12 and (C4)2 ∩ E64 ≃ (C4)2 with E64 ≃ (C2)6 ⊳G,
(v) G16,3 := (C4×C2)⋊C2 ≤ Gv where (v-1) |OrbG16,3(i)| = 4 for any 1 ≤ i ≤ 12, G16,3 ∩G64 ≃ (C4×C2)⋊C2
(resp. C4×C2), G16,3∩G128 ≃ (C2)3 (resp. C4×C2) and G16,3∩E64 ≃ V4 (resp. V4), or (v-2) |OrbG16,3(i)| = 4 for
8 of 1 ≤ i ≤ 12, |OrbG16,3(i)| = 2 for 4 of 1 ≤ i ≤ 12, G16,3∩G64 ≃ V4 (resp. (C2)3), G16,3∩G128 ≃ C4×C2 (resp.
(C4×C2)⋊C2) and G16,3∩E64 ≃ V4 (resp. V4) for the unique characteristic subgroup G64 ≃ ((C2)4⋊C2)×C2⊳G of
order 64, the unique characteristic subgroup G128 ≃ (((C2)4⋊C2)×C2)⋊C2⊳G of order 128 and E64 ≃ (C2)6⊳G,
or
(vi) C4 ⋊ C4 ≤ Gv where (vi-1) |OrbC4⋊C4(i)| = 4 for 8 of 1 ≤ i ≤ 12, |OrbC4⋊C4(i)| = 2 for 4 of 1 ≤ i ≤ 12 or
(vi-2) |OrbC4⋊C4(i)| = 4 for any 1 ≤ i ≤ 12 and (C4⋊C4)∩ ((C4)2×C2) ≃ C4×C2 for the unique characteristic
subgroup (C4)
2 × C2 ⊳G of order 32, or
(vii) (C4 × C2)⋊ C4 ≤ Gv.
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For G = 12T 214 ≃ (C3)4 ⋊ ((C4 × C2)⋊ C2), X(T ) = 0 if and only if there exists a place v of k such that
(i) C4 × C2 ≤ Gv where |OrbC4×C2(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 4 for 4 of 1 ≤ i ≤ 12,
(ii) D4 ≤ Gv where |OrbD4(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 4 for 4 of 1 ≤ i ≤ 12, or
(iii) Q8 ≤ Gv.
For G = 12T 230 ≃ (C2)5 ⋊A5(6), X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and V4 ∩ E32 = 1 for the unique characteristic subgroup
E32 ≃ (C2)5 ⊳G of order 32,
(ii) (C4)
2 ≤ Gv,
(iii) G16,3 := (C4 × C2) ⋊ C2 ≤ Gv where |OrbG16,3(i)| = 4 for 8 of 1 ≤ i ≤ 12, |OrbG16,3(i)| = 2 for 4 of
1 ≤ i ≤ 12 and G16,3 ∩ E32 ≃ V4 for E32 ≃ (C2)5 ⊳G,
(iv) C4 ⋊ C4 ≤ Gv, or
(v) (C4 × C2)⋊ C4 ≤ Gv.
For G = 12T 242 ≃ (C3)4 ⋊ ((C2)3 ⋊ V4) and G = 12T 271 ≃ ((C3)4 ⋊ (C2)3) ⋊ A4(4), X(T ) = 0 if and only
if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 4 for any 1 ≤ i ≤ 12,
(ii) C4 × C2 ≤ Gv where |OrbC4×C2(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 4 for 4 of 1 ≤ i ≤ 12,
(iii) D4 ≤ Gv where |OrbD4(i)| = 8 for 8 of 1 ≤ i ≤ 12 and |OrbD4(i)| = 4 for 4 of 1 ≤ i ≤ 12, or
(iv) Q8 ≤ Gv where
For G = 12T 255 ≃ (C2)6 ⋊A5(6) ≃ C2 ≀ A5(6), X(T ) = 0 if and only if there exists a place v of k such that
(i) V4 ≤ Gv where |OrbV4(i)| = 2 for any 1 ≤ i ≤ 12 and V4 ∩ E64 = 1 for the unique characteristic subgroup
E64 ≃ (C2)6 ⊳G of order 64,
(ii) C4 × C2 ≤ Gv where |OrbC4×C2(i)| = 4 for 4 of 1 ≤ i ≤ 12, |OrbC4×C2(i)| = 2 for 8 of 1 ≤ i ≤ 12 and
(C4 × C2) ∩E64 ≃ C2 for E64 ≃ (C2)6 ⊳G,
(iii) D4 ≤ Gv where |OrbD4(i)| = 4 for 4 (resp. 8) of 1 ≤ i ≤ 12, |OrbD4(i)| = 2 for 8 (resp. 4) of 1 ≤ i ≤ 12,
D4 ∩ E64 ≃ C2 (resp. C2) for E64 ≃ (C2)6 ⊳G and NG(D4) ≃ D4 × (C2)3 (resp. D4 × V4),
(iv) (C4)
2 ≤ Gv where (iv-1) |Orb(C4)2(i)| = 4 for 8 of 1 ≤ i ≤ 12, |Orb(C4)2(i)| = 2 for 4 of 1 ≤ i ≤ 12 or (iv-2)
|Orb(C4)2(i)| = 4 for any 1 ≤ i ≤ 12 and (C4)2 ≤ D(G) with D(G) ≃ (C2)5 ⋊A5 ⊳G,
(v) G16,3 := (C4 × C2) ⋊ C2 ≤ Gv where (v-1) |OrbG16,3(i)| = 4 for 8 of 1 ≤ i ≤ 12, |OrbG16,3(i)| = 2 for
4 of 1 ≤ i ≤ 12 and G16,3 ∩ E64 ≃ V4 for E64 ≃ (C2)6 ⊳ G or (v-2) |OrbG16,3(i)| = 4 for any 1 ≤ i ≤ 12
G16,3 ∩ E64 ≃ V4 with E64 ≃ (C2)6 ⊳G, and NG(G16,3) ≃ ((C2)4 ⋊ C2)× C2 or ((C4 × V4)⋊ C2)× C2,
(vi) C4 ⋊ C4 ≤ Gv where (vi-1) |OrbC4⋊C4(i)| = 4 for 8 of 1 ≤ i ≤ 12, |OrbC4⋊C4(i)| = 2 for 4 of 1 ≤ i ≤ 12 or
(vi-2) |OrbC4⋊C4(i)| = 4 for any 1 ≤ i ≤ 12 and C4 ⋊ C4 ≤ D(G) with D(G) ≃ (C2)5 ⋊A5 ⊳G, or
(vii) (C4 × C2)⋊ C4 ≤ Gv.
(3) G = 12T 31. We have X(T ) ≤ Z/4Z.
For G = 12T 31 ≃ (C4)2 ⋊ C3,
(i) X(T ) = 0 if and only if there exists a place v of k such that (C4)
2 ≤ Gv;
(ii) X(T ) ≃ Z/2Z if and only if there exists a place v of k such that V4 ≤ Gv and (i) does not hold.
(4) G = 12T 57. We have X(T ) ≤ Z/4Z. We assume that H is the stabilizer of one of the letters is G.
For G = 12T 57 ≃ ((C4 × C2)⋊ C4)⋊ C3,
(i) X(T ) = 0 if and only if there exists a place v of k such that Syl2(G) ≃ (C4 × C2)⋊ C4 ≤ Gv;
(ii) X(T ) ≃ Z/2Z if and only if there exists a place v of k such that C4 ×C2 ≤ Gv where |OrbC4×C2(i)| = 4 for
4 (resp. 8) of 1 ≤ i ≤ 12 and |OrbC4×C2(i)| = 2 for 8 (resp. 4) of 1 ≤ i ≤ 12 and (i) does not hold.
(5) G = 12T 32. We have X(T ) ≤ (Z/2Z)⊕2. We assume that H is the stabilizer of one of the letters is G.
For G = 12T 32 ≃ (C2)4 ⋊ C3,
(i) X(T ) = 0 if and only if
(i-1) there exists a place v of k such that Syl2(G) ≃ (C2)4 ≤ Gv, or
(i-2) there exist places v1, v2 of k such that V4 ≃ V (1)4 ≤ Gv1 , V4 ≃ V (2)4 ≤ Gv2 where |OrbV (1)4 (i)| = |OrbV (2)4 (i)| =
2 for any 1 ≤ i ≤ 12 and Gv1 ∩ Gv2 = 1 (equivalently, (Z/2Z)⊕2 ≤ H3(Gv1 ,Z) ⊕ H3(Gv2 ,Z) ≤ H3(G,Z) ≃
(Z/2Z)⊕4);
(ii) X(T ) = Z/2Z if and only if there exists a place v of k such that V4 ≤ Gv where |OrbV4(i)| = 2 for any
1 ≤ i ≤ 12 and (ii) does not hold.
Remark 1.4. As a consequence of Theorem 1.3, we obtain the Tamagawa number τ(T ) of algebraic k-tori T
over a number field k via Ono’s formula τ(T ) = |H1(G, JG/H )|/|X(T )| where H1(G, JG/H) is given as in [HKY,
Section 10] (see Ono [Ono63, Main theorem, page 68], Voskresenskii [Vos98, Theorem 2, page 146] and Hoshi,
Kanai and Yamasaki [HKY, Section 9, Application 2]).
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We organize this paper as follows. In Section 2, we prepare basic definitions and known results about algebraic
k-tori, in particular, norm one tori. In Section 3, we recall some known results about Hasse norm principle. In
Section 4, we give some known results about norm one tori and k-rationality. In particular, we recall a flabby
resolution of G-lattices which is a basic tool to investigate algebraic k-tori. In Section 5, we give the proof of
Theorem 1.1. In Section 6, we recall Drakokhrust and Platonov’s method for the Hasse norm principle for K/k.
In Section 7, the proof of Theorem 1.3 is given. In Section 8, GAP algorithms are given which are also available
from https://www.math.kyoto-u.ac.jp/~yamasaki/Algorithm/Norm1ToriHNP.
Acknowledgments. The authors would like to thank Ming-chang Kang, Shizuo Endo and Boris Kunyavskii for
giving them useful and valuable comments.
2. Algebraic tori and Norm one tori
Let k be a field, k be a fixed separable closure of k and G = Gal(k/k) be the absolute Galois group of k. Let T be
an algebraic k-torus, i.e. a group k-scheme with fiber product (base change) T×kk = T×Speck Spec k ≃ (Gm,k)n;
k-form of the split torus (Gm)
n. Then there exists a finite Galois extensionK/k with Galois group G = Gal(K/k)
such that T splits over K: T ×k K ≃ (Gm,K)n. It is also well-known that there is the duality between the
category of G-lattices, i.e. finitely generated Z[G]-module which is Z-free as an abelian group, and the category
of algebraic k-tori which split over K (see Ono [Ono61, Section 1.2], Voskresenskii [Vos98, page 27, Example 6]
and Knus, Merkurjev, Rost and Tignol [KMRT98, page 333, Proposition 20.17]). Indeed, if T is an algebraic
k-torus, then the character module T̂ = Hom(T,Gm) of T may be regarded as a G-lattice. Let X be a smooth
k-compactification of T , i.e. smooth projective k-variety X in which T lies a dense open set, and X = X ×k k.
There exists such a smooth k-compactification of an algebraic k-torus T over any field k (due to Hironaka [Hir64]
for char k = 0, see Colliot-The´le`ne, Harari and Skorobogatov [CTHS05, Corollaire 1] for any field k).
Recall the following basic definitions of G-lattices.
Definition 2.1. Let G be a finite group and M be a G-lattice, i.e. finitely generated Z[G]-module which is
Z-free as an abelian group.
(i) M is called a permutation G-lattice if M has a Z-basis permuted by G, i.e. M ≃ ⊕1≤i≤mZ[G/Hi] for some
subgroups H1, . . . , Hm of G.
(ii) M is called a stably permutation G-lattice if M ⊕ P ≃ P ′ for some permutation G-lattices P and P ′.
(iii) M is called invertible (or permutation projective) if it is a direct summand of a permutation G-lattice, i.e.
P ≃M ⊕M ′ for some permutation G-lattice P and a G-lattice M ′.
(iv) M is called flabby (or flasque) if Ĥ−1(H,M) = 0 for any subgroup H of G where Ĥ is the Tate cohomology.
(v) M is called coflabby (or coflasque) if H1(H,M) = 0 for any subgroup H of G.
Theorem 2.2 (Voskresenskii [Vos69, Section 4, page 1213], [Vos70, Section 3, page 7], see also [Vos98, Section
4.6], [Kun07, Theorem 1.9], [Vos74] and [CT07, Theorem 5.1, page 19] for any field k). Let k be a field and
G = Gal(k/k). Let T be an algebraic k-torus, X be a smooth k-compactification of T and X = X ×k k. Then
there exists an exact sequence of G-lattice
0→ T̂ → Q̂→ PicX → 0
where Q̂ is permutation and Pic X is flabby.
We have H1(k,PicX) ≃ H1(G,PicXK) where K is the splitting field of T , G = Gal(K/k) and XK = X×kK.
Hence Theorem 2.2 says that for G-lattices M = T̂ and P = Q̂, the exact sequence 0→M → P → PicXK → 0
gives a flabby resolution of M and the flabby class of M is [M ]fl = [Pic XK ] as G-lattices (see Theorem 4.3).
Definition 2.3. The kernel of the norm map RK/k(Gm)→ Gm is called the norm one torus R(1)K/k(Gm) of K/k
where RK/k is the Weil restriction (see [Vos98, page 37, Section 3.12]).
A norm one torus R
(1)
K/k(Gm) is biregularly isomorphic to the norm hyper surface f(x1, . . . , xn) = 1 where
f ∈ k[x1, . . . , xn] is the polynomial of total degree n defined by the norm map NK/k : K× → k×. When K/k is
Galois, we have that:
Theorem 2.4 (Voskresenskii [Vos70, Theorem 7], Colliot-The´le`ne and Sansuc [CTS77, Proposition 1]). Let k
be a field and K/k be a finite Galois extension with Galois group G = Gal(K/k). Let T = R
(1)
K/k(Gm) be the
norm one torus of K/k and X be a smooth k-compactification of T . Then H1(H,PicXK) ≃ H3(H,Z) for any
subgroup H of G. In particular, H1(k,PicX) ≃ H1(G,PicXK) ≃ H3(G,Z) which is isomorphic to the Schur
multiplier M(G) of G.
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In other words, for G-lattice JG = T̂ , H
1(H, [JG]
fl) ≃ H3(H,Z) for any subgroup H of G and H1(G, [JG]fl) ≃
H3(G,Z) ≃ H2(G,Q/Z); the Schur multiplier of G. By the exact sequence 0 → Z → Z[G] → JG → 0, we also
have δ : H1(G, JG) ≃ H2(G,Z) ≃ Gab ≃ G/[G,G] where δ is the connecting homomorphism and Gab is the
abelianization of G (cf. Section 4).
3. Hasse principle and Hasse norm principle
Let k be a number field, K/k be a field extension of degree n, L/k be the Galois closure of K/k with
G = Gal(L/k) = nTm ≤ Sn.
Definition 3.1. Let T = Tk be an algebraic k-torus and Vk be the set of all places of k. Take a direct product∏
v∈Vk
Tkv where kv is the completion of k at v and Tkv = T ×k kv. The algebraic k-torus T embeds into∏
v∈Vk
Tkv by the diagonal map. We denote by Tk the closure of Tk in the product
∏
v∈Vk
Tkv . The group
A(T ) = (
∏
v∈Vk
Tkv )/Tk
is called the kernel of the weak approximation of T . We say that T has the weak approximation property if
A(T ) = 0.
Definition 3.2. Let E be a principal homogeneous space (= torsor) under T . Hasse principle holds for E means
that if E has a kv-rational point for all kv, then E has a k-rational point. The set H
1(k, T ) classified all such
torsors E up to (non-unique) isomorphism. We define the Shafarevich-Tate group
X(T ) = Ker{H1(k, T ) res−−→
⊕
v∈Vk
H1(kv, Tkv )}.
Then we say that T satisfies the Hasse principle if X(T ) = 0.
Let k be a global field, i.e. a number field (a finite extension of Q) or a function field of an algebraic curve
over Fq (a finite extension of Fq(t)).
Theorem 3.3 (Voskresenskii [Vos69, Theorem 5, page 1213], [Vos70, Theorem 6, page 9], see also [Vos98, Section
11.6, Theorem, page 120]). Let k be a global field, T be an algebraic k-torus and X be a smooth k-compactification
of T . Then there exists an exact sequence
0→ A(T )→ H1(k,PicX)∨ →X(T )→ 0
where M∨ = Hom(M,Q/Z) is the Pontryagin dual of M . Moreover, if L is the splitting field of T and L/k is
an unramified extension, then A(T ) = 0 and H1(k,PicX)∨ ≃X(T ).
For the last assertion, see [Vos98, Theorem, page 120]. It follows that H1(k,PicX) = 0 if and only if A(T ) = 0
and X(T ) = 0, i.e. T has the weak approximation property and satisfies the Hasse principle. Theorem 3.3 was
generalized to the case of linear algebraic groups by Sansuc [San81].
Definition 3.4. Let k be a global field, K/k be a finite extension and A×K be the idele group of K. We say that
the Hasse norm principle holds for K/k if (NK/k(A
×
K) ∩ k×)/NK/k(K×) = 1 where NK/k is the norm map.
Hasse [Has31, Satz, page 64] proved that the Hasse norm principle holds for any cyclic extension K/k but does
not hold for bicyclic extension Q(
√−39,√−3)/Q. For Galois extensions K/k, Tate [Tat67] gave the following
theorem:
Theorem 3.5 (Tate [Tat67, page 198]). Let k be a global field, K/k be a finite Galois extension with Galois
group Gal(K/k) ≃ G. Let Vk be the set of all places of k and Gv be the decomposition group of G at v ∈ Vk.
Then
(NK/k(A
×
K) ∩ k×)/NK/k(K×) ≃ Ker{H3(G,Z)
res−−→
⊕
v∈Vk
H3(Gv,Z)}.
In particular, the Hasse norm principle holds for K/k if and only if the restriction map H3(G,Z)
res−−→⊕v∈Vk H3(Gv,Z)
is injective.
If G ≃ Cn is cyclic, then H3(G,Z) ≃ H1(G,Z) = 0 and hence the Hasse’s original theorem follows. If there
exists a place v of k such that Gv = G, then the Hasse norm principle also holds for K/k. For example, the Hasse
norm principle holds for K/k with G ≃ V4 if and only if there exists a place v of k such that Gv = V4 because
H3(V4,Z) ≃ Z/2Z and H3(C2,Z) = 0. The Hasse norm principle holds for K/k with G ≃ (C2)3 if and only if
(i) there exists a place v of k such that Gv ≃ (C2)3 or (ii) there exist places v1, v2, v3 of k such that Gvi ≃ C2
and H3(G,Z) ≃ H3(Gv1 ,Z)⊕H3(Gv2 ,Z)⊕H3(Gv3 ,Z) because H3((C2)3,Z) ≃ (Z/2Z)⊕3.
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The Hasse norm principle for Galois extensions K/k was investigated by Gerth [Ger77], [Ger78] and Gurak
[Gur78a], [Gur78b], [Gur80] (see also [PR94, pages 308–309]). For non-Galois extension K/k, the Hasse norm
principle was investigated by Bartels [Bar81a] ([K : k] = p; prime), [Bar81b] (Gal(L/k) ≃ Dn), Voskresenskii
and Kunyavskii [VK84] (Gal(L/k) ≃ Sn) and Macedo [Mac20] (Gal(L/k) ≃ An) where L/k be the Galois closure
of K/k (see also [HKY, Section 1]).
Ono [Ono63] established the relationship between the Hasse norm principle for K/k and the norm one torus
R
(1)
K/k(Gm). The quotient group k
×/NK/k(K
×) is related to the norm one torus R
(1)
K/k(Gm) of K/k because by
taking the cohomology of the exact sequence
1→ R(1)K/k(Gm)→ RK/k(Gm)
N−→ Gm → 1,
we have the exact sequence
K×
NK/k−−−→ k× → H1(k,R(1)K/k(Gm))→ H1(k,RK/k(Gm)) ≃ H1(K,Gm) = 0 (by Hilbert 90)
and (see Platonov and Rapinchuk [PR94, Lemma 2.5, page 73])
H1(k,R
(1)
K/k(Gm)) ≃ k×/NK/k(K×).
Similarly, the Hasse norm principle for K/k is related to the norm one torus R
(1)
K/k(Gm) of K/k (see also Platonov
and Rapinchuk [PR94, Section 6.3]):
Theorem 3.6 (see Ono [Ono63, page 70], Platonov [Pla82, page 44], Kunyavskii [Kun84, Remark 3], Platonov
and Rapinchuk [PR94, page 307]). Let k be a number field and K/k be a finite extension. Then
X(T ) ≃ (NK/k(A×K) ∩ k×)/NK/k(K×)
where T = R
(1)
K/k(Gm). In particular, X(T ) = 0 if and only if the Hasse norm principle holds for K/k.
Remark 3.7. Applying Theorem 3.3 to T = R
(1)
K/k(Gm), it follows from Theorem 3.6 that H
1(k,PicX) = 0 if
and only if A(T ) = 0 and X(T ) = 0, i.e. T has the weak approximation property and the Hasse norm principle
holds for K/k. In the algebraic language, the latter condition X(T ) = 0 means that for the corresponding norm
hyper surface f(x1, . . . , xn) = b, it has a k-rational point if and only if it has a kv-rational point for any valuation
v of k where f ∈ k[x1, . . . , xn] is the polynomial of total degree n defined by the norm map NK/k : K× → k×
and b ∈ k× (see [Vos98, Example 4, page 122]).
4. Flabby resolution of G-lattice and rationality
Let k be a field, K/k be a separable field extension of degree n and L/k be the Galois closure of K/k. Let
G = Gal(L/k) and H = Gal(L/K) with [G : H ] = n. The Galois group G may be regarded as a transitive
subgroup of the symmetric group Sn of degree n via an injection G → Sn which is derived from the action of
G on the left cosets {g1H, . . . , gnH} by g(giH) = (ggi)H for any g ∈ G and we may assume that H is the
stabilizer of one of the letters in G, i.e. L = k(θ1, . . . , θn) and K = k(θi) for some 1 ≤ i ≤ n. The norm one
torus R
(1)
K/k(Gm) has the Chevalley module JG/H as its character module and the field L(JG/H)
G as its function
field where JG/H = (IG/H)
◦ = Hom
Z
(IG/H ,Z) is the dual lattice of IG/H = Ker ε and ε : Z[G/H ] → Z is the
augmentation map (see [Vos98, Section 4.8]). We have the exact sequence
0→ Z→ Z[G/H ]→ JG/H → 0
and rank JG/H = n − 1. Write JG/H = ⊕1≤i≤n−1Zxi. The action of G on L(JG/H) = L(x1, . . . , xn−1) is given
as the form
σ(xi) =
n∏
j=1
x
ai,j
j , 1 ≤ i ≤ n
for σ ∈ G.
Let T = R
(1)
K/k(Gm) be the norm one torus of K/k. The rationality problem for norm one tori is investigated
by [EM75], [CTS77], [Hu¨r84], [CTS87], [LeB95], [CK00], [LL00], [Flo], [End11], [HY17], [HY], [HHY20] (see also
[HKY, Section 3]).
We recall some basic facts of flabby (flasque) G-lattices (see [CTS77], [Swa83], [Vos98, Chapter 2], [Lor05,
Chapter 2], [Swa10]).
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Definition 4.1 (see [EM75, Section 1], [Vos98, Section 4.7]). Let C(G) be the category of all G-lattices. Let
S(G) be the full subcategory of C(G) of all permutation G-lattices and D(G) be the full subcategory of C(G) of
all invertible G-lattices. Let
Hi(G) = {M ∈ C(G) | Ĥi(H,M) = 0 for any H ≤ G} (i = ±1)
be the class of “Ĥi-vanish” G-lattices where Ĥi is the Tate cohomology. Then we have the inclusions S(G) ⊂
D(G) ⊂ Hi(G) ⊂ C(G) (i = ±1).
Definition 4.2. We say that two G-lattices M1 and M2 are similar if there exist permutation G-lattices P1 and
P2 such that M1 ⊕ P1 ≃ M2 ⊕ P2. We denote the similarity class of M by [M ]. The set of similarity classes
C(G)/S(G) becomes a commutative monoid (with respect to the sum [M1] + [M2] := [M1 ⊕M2] and the zero
0 = [P ] where P ∈ S(G)).
Theorem 4.3 (Endo and Miyata [EM75, Lemma 1.1], Colliot-The´le`ne and Sansuc [CTS77, Lemma 3], see also
[Swa83, Lemma 8.5], [Lor05, Lemma 2.6.1]). For any G-latticeM , there exists a short exact sequence of G-lattices
0→M → P → F → 0 where P is permutation and F is flabby.
Definition 4.4. The exact sequence 0 → M → P → F → 0 as in Theorem 4.3 is called a flabby resolution of
the G-lattice M . ρG(M) = [F ] ∈ C(G)/S(G) is called the flabby class of M , denoted by [M ]fl = [F ]. Note that
[M ]fl is well-defined: if [M ] = [M ′], [M ]fl = [F ] and [M ′]fl = [F ′] then F ⊕ P1 ≃ F ′ ⊕ P2 for some permutation
G-lattices P1 and P2, and therefore [F ] = [F
′] (cf. [Swa83, Lemma 8.7]). We say that [M ]fl is invertible if
[M ]fl = [E] for some invertible G-lattice E.
For G-lattice M , it is not difficult to see
permutation ⇒ stably permutation ⇒ invertible ⇒ flabby and coflabby
⇓ ⇓
[M ]fl = 0 ⇒ [M ]fl is invertible.
The above implications in each step cannot be reversed (see, for example, [HY17, Section 1]).
Definition 4.5. Let k be a field, and K and K ′ be finitely generated field extensions of k.
(i) K is called rational over k (or k-rational for short) if K is purely transcendental over k, i.e. K is isomorphic
to k(x1, . . . , xn), the rational function field over k with n variables x1, . . . , xn for some integer n.
(ii) K is called stably k-rational if K(y1, . . . , ym) is k-rational for some algebraically independent elements
y1, . . . , ym over K.
(iii) K and K ′ are called stably k-isomorphic if K(y1, . . . , ym) ≃ K ′(z1, . . . , zn) over k for some algebraically
independent elements y1, . . . , ym over K and z1, . . . , zn over K
′.
(iv) When k is an infinite field, K is called retract k-rational if there is a k-algebra R contained in K such that
K is the quotient field of R, and the identity map 1R : R → R factors through a localized polynomial ring
over k, i.e. there is an element f ∈ k[x1, . . . , xn], which is the polynomial ring over k, and there are k-algebra
homomorphisms ϕ : R→ k[x1, . . . , xn][1/f ] and ψ : k[x1, . . . , xn][1/f ]→ R satisfying ψ ◦ ϕ = 1R (cf. [Sal84]).
(v) K is called k-unirational if k ⊂ K ⊂ k(x1, . . . , xn) for some integer n.
It is not difficult to see that “k-rational”⇒ “stably k-rational” ⇒ “retract k-rational” ⇒ “k-unirational”.
Let L/k be a finite Galois extension with Galois group G = Gal(L/k) and M be a G-lattice. The flabby
class ρG(M) = [M ]
fl plays crucial role in the rationality problem for L(M)G as follows (see Voskresenskii’s
fundamental book [Vos98, Section 4.6] and Kunyavskii [Kun07], see also e.g. Swan [Swa83], Kunyavskii [Kun90,
Section 2], Lemire, Popov and Reichstein [LPR06, Section 2], Kang [Kan12], Yamasaki [Yam12], Hoshi and
Yamasaki [HY17], Hoshi, Kanai and Yamasaki [HKY]):
Theorem 4.6 (Endo and Miyata [EM73], Voskresenskii [Vos74], Saltman [Sal84]). Let L/k be a finite Galois
extension with Galois group G = Gal(L/k). Let M and M ′ be G-lattices.
(i) (Endo and Miyata [EM73, Theorem 1.6]) [M ]fl = 0 if and only if L(M)G is stably k-rational.
(ii) (Voskresenskii [Vos74, Theorem 2]) [M ]fl = [M ′]fl if and only if L(M)G and L(M ′)G are stably k-isomorphic.
(iii) (Saltman [Sal84, Theorem 3.14]) [M ]fl is invertible if and only if L(M)G is retract k-rational.
For norm one tori T = R
(1)
K/k(Gm), recall that the function field k(T ) may be regarded L(M)
G for the character
module M = JG/H and hence we have:
[JG/H ]
fl = 0 ⇒ [JG/H ]fl is invertible ⇒ H1(G, [JG/H ]fl) = 0 ⇒ A(T ) = 0 and X(T ) = 0
(see also Colliot-The´le`ne and Sansuc [CTS77, page 29]). The last conditions mean that T has the weak approxi-
mation property and the Hasse norm principle holds for K/k (cf. Section 3). In particular, A(T ) = X(T ) = 0
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when G = pTm ≤ Sp is a transitive subgroup of Sp of prime degree (see Colliot-The´le`ne and Sansuc [CTS87,
Proposition 9.1]).
A necessary and sufficient condition to the classification of stably/retract rational norm one tori T = R
(1)
K/k(Gm)
with [K : k] = n ≤ 15 but with one exception G = 9T 27 ≃ PSL2(F8) for the stable k-rationality was given in
Hoshi and Yamasaki [HY] (for the case n is a prime number and the case n ≤ 10) and Hasegawa, Hoshi and
Yamasaki [HHY20] (for n = 12, 14, 15).
5. Proof of Theorem 1.1
LetK/k be a separable field extension of degree 12 and L/k be the Galois closure ofK/k. Let G = Gal(L/k) =
12Tm (1 ≤ m ≤ 301) be a transitive subgroup of S12 and H = Gal(L/K) with [G : H ] = 12. Let T = R(1)K/k(Gm)
be the norm one torus of K/k of dimension 11. We have the character module T̂ = JG/H of T and then
H1(k,PicX) ≃ H1(G, [JG/H ]fl) (see Section 4). We may assume that H is the stabilizer of one of the letters in
G, i.e. L = k(θ1, . . . , θn) and K = k(θi) for some 1 ≤ i ≤ 12. In order to compute H1(G, [JG/H ]fl), we apply
the functions Norm1TorusJ(12,m) and FlabbyResolution(G).actionF for 1 ≤ m ≤ 299 as in [HY, Chapter
5]. The function Norm1TorusJ(12,m) returns JG/H for G = 12Tm ≤ S12 and H is the stabilizer of one of the
letters in G, and FlabbyResolution(G).actionF returns a flabby class F = [JG/H ]
fl for G = 12Tm ≤ S12.
The assertion for G = 12Tm (1 ≤ m ≤ 299) follows from these computations as in Example 5.1.
For G = 12T 300 ≃ A12, 12T 301 ≃ S12, we did not get an answer by the computer calculations because it needs
much time and computer resources (memory) in computations. However, we already know thatH1(G, [JG/H ]
fl) =
0 forG = 12T 300 ≃ A12, 12T 301 ≃ S12 by Macedo [Mac20] and Voskresenskii and Kunyavskii [VK84] respectively
(see also [Vos88, Theorem 4, Corollary] and [HKY, Theorem 1.13]) .
The last assertion follows from Theorem 3.3. 
Some related functions for Example 5.1 are available from
https://www.math.kyoto-u.ac.jp/~yamasaki/Algorithm/RatProbNorm1Tori/.
Example 5.1 (Computation of H1(G, [JG/H ]
fl) with G = 12Tm (1 ≤ m ≤ 299)).
gap> Read("FlabbyResolutionFromBase.gap");
gap> for i in [1..299] do
> F:=FlabbyResolution(Norm1TorusJ(12,i)).actionF;
> Print([[12,i],Length(F.1),Filtered(H1(F),x->x>1)],"\n");od;
[ [ 12, 1 ], 1, [ ] ]
[ [ 12, 2 ], 13, [ 2 ] ]
[ [ 12, 3 ], 25, [ 2 ] ]
[ [ 12, 4 ], 13, [ 2 ] ]
[ [ 12, 5 ], 13, [ ] ]
[ [ 12, 6 ], 43, [ ] ]
[ [ 12, 7 ], 43, [ 2 ] ]
[ [ 12, 8 ], 31, [ ] ]
[ [ 12, 9 ], 67, [ 2 ] ]
[ [ 12, 10 ], 61, [ 2 ] ]
[ [ 12, 11 ], 25, [ ] ]
[ [ 12, 12 ], 31, [ ] ]
[ [ 12, 13 ], 31, [ ] ]
[ [ 12, 14 ], 31, [ ] ]
[ [ 12, 15 ], 31, [ ] ]
[ [ 12, 16 ], 53, [ 2 ] ]
[ [ 12, 17 ], 53, [ ] ]
[ [ 12, 18 ], 41, [ 2 ] ]
[ [ 12, 19 ], 41, [ ] ]
[ [ 12, 20 ], 37, [ 2 ] ]
[ [ 12, 21 ], 67, [ ] ]
[ [ 12, 22 ], 91, [ ] ]
[ [ 12, 23 ], 73, [ ] ]
[ [ 12, 24 ], 73, [ ] ]
[ [ 12, 25 ], 43, [ ] ]
[ [ 12, 26 ], 160, [ ] ]
[ [ 12, 27 ], 91, [ ] ]
[ [ 12, 28 ], 115, [ ] ]
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[ [ 12, 29 ], 31, [ ] ]
[ [ 12, 30 ], 55, [ ] ]
[ [ 12, 31 ], 64, [ 4 ] ]
[ [ 12, 32 ], 172, [ 2, 2 ] ]
[ [ 12, 33 ], 61, [ 2 ] ]
[ [ 12, 34 ], 65, [ 2 ] ]
[ [ 12, 35 ], 111, [ ] ]
[ [ 12, 36 ], 123, [ ] ]
[ [ 12, 37 ], 65, [ 2 ] ]
[ [ 12, 38 ], 123, [ ] ]
[ [ 12, 39 ], 53, [ ] ]
[ [ 12, 40 ], 65, [ 2 ] ]
[ [ 12, 41 ], 65, [ ] ]
[ [ 12, 42 ], 99, [ ] ]
[ [ 12, 43 ], 121, [ 2 ] ]
[ [ 12, 44 ], 139, [ ] ]
[ [ 12, 45 ], 55, [ ] ]
[ [ 12, 46 ], 53, [ ] ]
[ [ 12, 47 ], 93, [ 2 ] ]
[ [ 12, 48 ], 97, [ ] ]
[ [ 12, 49 ], 277, [ ] ]
[ [ 12, 50 ], 97, [ ] ]
[ [ 12, 51 ], 67, [ ] ]
[ [ 12, 52 ], 115, [ 2 ] ]
[ [ 12, 53 ], 85, [ ] ]
[ [ 12, 54 ], 115, [ 2 ] ]
[ [ 12, 55 ], 64, [ 2 ] ]
[ [ 12, 56 ], 172, [ 2 ] ]
[ [ 12, 57 ], 100, [ 4 ] ]
[ [ 12, 58 ], 79, [ ] ]
[ [ 12, 59 ], 190, [ 2 ] ]
[ [ 12, 60 ], 118, [ ] ]
[ [ 12, 61 ], 142, [ 2 ] ]
[ [ 12, 62 ], 127, [ ] ]
[ [ 12, 63 ], 139, [ ] ]
[ [ 12, 64 ], 157, [ 2 ] ]
[ [ 12, 65 ], 157, [ 2 ] ]
[ [ 12, 66 ], 301, [ 2 ] ]
[ [ 12, 67 ], 259, [ ] ]
[ [ 12, 68 ], 259, [ ] ]
[ [ 12, 69 ], 109, [ ] ]
[ [ 12, 70 ], 117, [ 2 ] ]
[ [ 12, 71 ], 117, [ 2 ] ]
[ [ 12, 72 ], 77, [ ] ]
[ [ 12, 73 ], 77, [ ] ]
[ [ 12, 74 ], 91, [ 2 ] ]
[ [ 12, 75 ], 91, [ 2 ] ]
[ [ 12, 76 ], 91, [ ] ]
[ [ 12, 77 ], 65, [ 2 ] ]
[ [ 12, 78 ], 123, [ ] ]
[ [ 12, 79 ], 53, [ ] ]
[ [ 12, 80 ], 123, [ ] ]
[ [ 12, 81 ], 123, [ ] ]
[ [ 12, 82 ], 123, [ ] ]
[ [ 12, 83 ], 175, [ ] ]
[ [ 12, 84 ], 147, [ ] ]
[ [ 12, 85 ], 184, [ ] ]
[ [ 12, 86 ], 163, [ ] ]
[ [ 12, 87 ], 79, [ ] ]
[ [ 12, 88 ], 190, [ 2 ] ]
[ [ 12, 89 ], 118, [ ] ]
[ [ 12, 90 ], 172, [ ] ]
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[ [ 12, 91 ], 112, [ ] ]
[ [ 12, 92 ], 142, [ 2 ] ]
[ [ 12, 93 ], 142, [ 2 ] ]
[ [ 12, 94 ], 64, [ ] ]
[ [ 12, 95 ], 175, [ ] ]
[ [ 12, 96 ], 217, [ 2 ] ]
[ [ 12, 97 ], 157, [ 2 ] ]
[ [ 12, 98 ], 127, [ ] ]
[ [ 12, 99 ], 184, [ ] ]
[ [ 12, 100 ], 361, [ 2 ] ]
[ [ 12, 101 ], 331, [ ] ]
[ [ 12, 102 ], 301, [ 2 ] ]
[ [ 12, 103 ], 283, [ ] ]
[ [ 12, 104 ], 100, [ ] ]
[ [ 12, 105 ], 79, [ ] ]
[ [ 12, 106 ], 109, [ ] ]
[ [ 12, 107 ], 109, [ ] ]
[ [ 12, 108 ], 139, [ ] ]
[ [ 12, 109 ], 139, [ ] ]
[ [ 12, 110 ], 325, [ ] ]
[ [ 12, 111 ], 325, [ ] ]
[ [ 12, 112 ], 217, [ ] ]
[ [ 12, 113 ], 265, [ ] ]
[ [ 12, 114 ], 205, [ ] ]
[ [ 12, 115 ], 205, [ ] ]
[ [ 12, 116 ], 171, [ ] ]
[ [ 12, 117 ], 129, [ 2 ] ]
[ [ 12, 118 ], 183, [ ] ]
[ [ 12, 119 ], 89, [ ] ]
[ [ 12, 120 ], 183, [ ] ]
[ [ 12, 121 ], 171, [ ] ]
[ [ 12, 122 ], 133, [ 2 ] ]
[ [ 12, 123 ], 121, [ ] ]
[ [ 12, 124 ], 211, [ ] ]
[ [ 12, 125 ], 123, [ ] ]
[ [ 12, 126 ], 141, [ ] ]
[ [ 12, 127 ], 433, [ ] ]
[ [ 12, 128 ], 271, [ ] ]
[ [ 12, 129 ], 202, [ ] ]
[ [ 12, 130 ], 117, [ 2 ] ]
[ [ 12, 131 ], 77, [ ] ]
[ [ 12, 132 ], 121, [ 2 ] ]
[ [ 12, 133 ], 121, [ 2 ] ]
[ [ 12, 134 ], 79, [ ] ]
[ [ 12, 135 ], 109, [ ] ]
[ [ 12, 136 ], 163, [ ] ]
[ [ 12, 137 ], 397, [ ] ]
[ [ 12, 138 ], 505, [ ] ]
[ [ 12, 139 ], 583, [ ] ]
[ [ 12, 140 ], 253, [ ] ]
[ [ 12, 141 ], 142, [ ] ]
[ [ 12, 142 ], 190, [ ] ]
[ [ 12, 143 ], 190, [ ] ]
[ [ 12, 144 ], 190, [ 2 ] ]
[ [ 12, 145 ], 163, [ ] ]
[ [ 12, 146 ], 349, [ ] ]
[ [ 12, 147 ], 313, [ ] ]
[ [ 12, 148 ], 409, [ ] ]
[ [ 12, 149 ], 205, [ ] ]
[ [ 12, 150 ], 235, [ ] ]
[ [ 12, 151 ], 265, [ ] ]
[ [ 12, 152 ], 457, [ ] ]
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 15
[ [ 12, 153 ], 457, [ ] ]
[ [ 12, 154 ], 163, [ ] ]
[ [ 12, 155 ], 187, [ ] ]
[ [ 12, 156 ], 183, [ ] ]
[ [ 12, 157 ], 187, [ ] ]
[ [ 12, 158 ], 179, [ ] ]
[ [ 12, 159 ], 179, [ ] ]
[ [ 12, 160 ], 287, [ ] ]
[ [ 12, 161 ], 191, [ ] ]
[ [ 12, 162 ], 171, [ ] ]
[ [ 12, 163 ], 171, [ ] ]
[ [ 12, 164 ], 184, [ ] ]
[ [ 12, 165 ], 433, [ ] ]
[ [ 12, 166 ], 184, [ ] ]
[ [ 12, 167 ], 279, [ ] ]
[ [ 12, 168 ], 129, [ 2 ] ]
[ [ 12, 169 ], 291, [ ] ]
[ [ 12, 170 ], 89, [ ] ]
[ [ 12, 171 ], 129, [ 2 ] ]
[ [ 12, 172 ], 129, [ 2 ] ]
[ [ 12, 173 ], 89, [ ] ]
[ [ 12, 174 ], 129, [ 2 ] ]
[ [ 12, 175 ], 283, [ ] ]
[ [ 12, 176 ], 133, [ 2 ] ]
[ [ 12, 177 ], 295, [ ] ]
[ [ 12, 178 ], 295, [ ] ]
[ [ 12, 179 ], 121, [ 2 ] ]
[ [ 12, 180 ], 281, [ ] ]
[ [ 12, 181 ], 291, [ ] ]
[ [ 12, 182 ], 291, [ ] ]
[ [ 12, 183 ], 281, [ ] ]
[ [ 12, 184 ], 397, [ ] ]
[ [ 12, 185 ], 553, [ ] ]
[ [ 12, 186 ], 649, [ ] ]
[ [ 12, 187 ], 190, [ ] ]
[ [ 12, 188 ], 190, [ 2 ] ]
[ [ 12, 189 ], 190, [ ] ]
[ [ 12, 190 ], 397, [ ] ]
[ [ 12, 191 ], 349, [ ] ]
[ [ 12, 192 ], 349, [ ] ]
[ [ 12, 193 ], 163, [ ] ]
[ [ 12, 194 ], 229, [ 2 ] ]
[ [ 12, 195 ], 227, [ ] ]
[ [ 12, 196 ], 291, [ ] ]
[ [ 12, 197 ], 227, [ ] ]
[ [ 12, 198 ], 227, [ ] ]
[ [ 12, 199 ], 227, [ ] ]
[ [ 12, 200 ], 279, [ ] ]
[ [ 12, 201 ], 291, [ ] ]
[ [ 12, 202 ], 227, [ ] ]
[ [ 12, 203 ], 183, [ ] ]
[ [ 12, 204 ], 757, [ ] ]
[ [ 12, 205 ], 202, [ ] ]
[ [ 12, 206 ], 595, [ ] ]
[ [ 12, 207 ], 757, [ ] ]
[ [ 12, 208 ], 243, [ ] ]
[ [ 12, 209 ], 291, [ ] ]
[ [ 12, 210 ], 129, [ 2 ] ]
[ [ 12, 211 ], 89, [ ] ]
[ [ 12, 212 ], 295, [ ] ]
[ [ 12, 213 ], 295, [ ] ]
[ [ 12, 214 ], 129, [ 2 ] ]
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[ [ 12, 215 ], 89, [ ] ]
[ [ 12, 216 ], 295, [ ] ]
[ [ 12, 217 ], 291, [ ] ]
[ [ 12, 218 ], 451, [ ] ]
[ [ 12, 219 ], 281, [ ] ]
[ [ 12, 220 ], 331, [ ] ]
[ [ 12, 221 ], 649, [ ] ]
[ [ 12, 222 ], 190, [ ] ]
[ [ 12, 223 ], 649, [ ] ]
[ [ 12, 224 ], 349, [ ] ]
[ [ 12, 225 ], 649, [ ] ]
[ [ 12, 226 ], 649, [ ] ]
[ [ 12, 227 ], 397, [ ] ]
[ [ 12, 228 ], 184, [ ] ]
[ [ 12, 229 ], 184, [ ] ]
[ [ 12, 230 ], 646, [ 2 ] ]
[ [ 12, 231 ], 715, [ ] ]
[ [ 12, 232 ], 241, [ 2 ] ]
[ [ 12, 233 ], 727, [ ] ]
[ [ 12, 234 ], 241, [ 2 ] ]
[ [ 12, 235 ], 339, [ ] ]
[ [ 12, 236 ], 275, [ ] ]
[ [ 12, 237 ], 275, [ ] ]
[ [ 12, 238 ], 339, [ ] ]
[ [ 12, 239 ], 757, [ ] ]
[ [ 12, 240 ], 291, [ ] ]
[ [ 12, 241 ], 291, [ ] ]
[ [ 12, 242 ], 129, [ 2 ] ]
[ [ 12, 243 ], 291, [ ] ]
[ [ 12, 244 ], 89, [ ] ]
[ [ 12, 245 ], 89, [ ] ]
[ [ 12, 246 ], 129, [ 2 ] ]
[ [ 12, 247 ], 291, [ ] ]
[ [ 12, 248 ], 291, [ ] ]
[ [ 12, 249 ], 291, [ ] ]
[ [ 12, 250 ], 649, [ ] ]
[ [ 12, 251 ], 757, [ ] ]
[ [ 12, 252 ], 739, [ ] ]
[ [ 12, 253 ], 202, [ ] ]
[ [ 12, 254 ], 757, [ ] ]
[ [ 12, 255 ], 646, [ 2 ] ]
[ [ 12, 256 ], 1141, [ ] ]
[ [ 12, 257 ], 1141, [ ] ]
[ [ 12, 258 ], 727, [ ] ]
[ [ 12, 259 ], 727, [ ] ]
[ [ 12, 260 ], 339, [ ] ]
[ [ 12, 261 ], 129, [ 2 ] ]
[ [ 12, 262 ], 291, [ ] ]
[ [ 12, 263 ], 291, [ ] ]
[ [ 12, 264 ], 89, [ ] ]
[ [ 12, 265 ], 184, [ ] ]
[ [ 12, 266 ], 291, [ ] ]
[ [ 12, 267 ], 291, [ ] ]
[ [ 12, 268 ], 757, [ ] ]
[ [ 12, 269 ], 771, [ ] ]
[ [ 12, 270 ], 1141, [ ] ]
[ [ 12, 271 ], 241, [ 2 ] ]
[ [ 12, 272 ], 1771, [ ] ]
[ [ 12, 273 ], 202, [ ] ]
[ [ 12, 274 ], 291, [ ] ]
[ [ 12, 275 ], 739, [ ] ]
[ [ 12, 276 ], 757, [ ] ]
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[ [ 12, 277 ], 2801, [ ] ]
[ [ 12, 278 ], 971, [ ] ]
[ [ 12, 279 ], 971, [ ] ]
[ [ 12, 280 ], 241, [ 2 ] ]
[ [ 12, 281 ], 727, [ ] ]
[ [ 12, 282 ], 727, [ ] ]
[ [ 12, 283 ], 757, [ ] ]
[ [ 12, 284 ], 202, [ ] ]
[ [ 12, 285 ], 2801, [ ] ]
[ [ 12, 286 ], 3441, [ ] ]
[ [ 12, 287 ], 3441, [ ] ]
[ [ 12, 288 ], 1371, [ ] ]
[ [ 12, 289 ], 727, [ ] ]
[ [ 12, 290 ], 757, [ ] ]
[ [ 12, 291 ], 757, [ ] ]
[ [ 12, 292 ], 202, [ ] ]
[ [ 12, 293 ], 3441, [ ] ]
[ [ 12, 294 ], 757, [ ] ]
[ [ 12, 295 ], 8701, [ ] ]
[ [ 12, 296 ], 1371, [ ] ]
[ [ 12, 297 ], 1371, [ ] ]
[ [ 12, 298 ], 1371, [ ] ]
[ [ 12, 299 ], 1371, [ ] ]
6. Drakokhrust and Platonov’s method
Let k be a number field, K/k be a finite extension, A×K be the idele group of K and L/k be the Galois closure
of K/k. Let G = Gal(L/k) = nTm be a transitive subgroup of Sn and H = Gal(L/K) with [G : H ] = n.
For x, y ∈ G, we denote [x, y] = x−1y−1xy the commutator of x and y, and [G,G] the commutator group of
G. Let Vk be the set of all places of k and Gv be the decomposition group of G at v ∈ Vk.
Definition 6.1 (Drakokhrust and Platonov [PD85a, page 350], [DP87, page 300]). Let k be a number field,
L ⊃ K ⊃ k be a tower of finite extensions where L is normal over k.
We call the group
Obs(K/k) = (NK/k(A
×
K) ∩ k×)/NK/k(K×)
the total obstruction to the Hasse norm principle for K/k and
Obs1(L/K/k) =
(
NK/k(A
×
K) ∩ k×
)
/
(
(NL/k(A
×
L ) ∩ k×)NK/k(K×)
)
the first obstruction to the Hasse norm principle for K/k corresponding to the tower L ⊃ K ⊃ k.
Note that (i) Obs(K/k) = 1 if and only if the Hasse norm principle holds for K/k; and (ii) Obs1(L/K/k) =
Obs(K/k)/(NL/k(A
×
L ) ∩ k×).
Drakokhrust and Platonov gave a formula for computing the first obstruction Obs1(L/K/k):
Theorem 6.2 (Drakokhrust and Platonov [PD85a, page 350], [PD85b, pages 789–790], [DP87, Theorem 1]). Let
k be a number field, L ⊃ K ⊃ k be a tower of finite extensions where L is normal over k. Let G = Gal(L/k) and
H = Gal(L/K). Then
Obs1(L/K/k) ≃ Kerψ1/ϕ1(Kerψ2)
where
H/[H,H ]
ψ1−−−−→ G/[G,G]xϕ1 xϕ2
⊕
v∈Vk

⊕
w|v
Hw/[Hw, Hw]

 ψ2−−−−→ ⊕
v∈Vk
Gv/[Gv, Gv],
ψ1, ϕ1 and ϕ2 are defined by the inclusions H ⊂ G, Hw ⊂ H and Gv ⊂ G respectively, and
ψ2(h[Hw, Hw]) = x
−1hx[Gv, Gv]
for h ∈ Hw = H ∩ x−1hx[Gv, Gv] (x ∈ G).
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Let ψv2 be the restriction of ψ2 to the subgroup
⊕
w|vHw/[Hw, Hw] with respect to v ∈ Vk and ψnr2 (resp. ψr2)
be the restriction of ψ2 to the unramified (resp. the ramified) places v of k.
Proposition 6.3 (Drakokhrust and Platonov [DP87]). Let k, L ⊃ K ⊃ k, G and H be as in Theorem 6.2.
(i) ([DP87, Lemma 1]) Places wi | v of K are in one-to-one correspondence with the set of double cosets in the
decomposition G = ∪rvi=1HxiGv where Hwi = H ∩ xiGvx−1i ;
(ii) ([DP87, Lemma 2]) If Gv1 ≤ Gv2 , then ϕ1(Kerψv12 ) ⊂ ϕ1(Kerψv22 );
(iii) ([DP87, Theorem 2]) ϕ1(Kerψ
nr
2 ) = Φ
G(H)/[H,H ] where ΦG(H) = 〈[h, x] | h ∈ H ∩ xHx−1, x ∈ G〉;
(iv) ([DP87, Lemma 8]) If [K : k] = pr (r ≥ 1) and Obs(Kp/kp) = 1 where kp = LGp, Kp = LHp, Gp and Hp
are p-Sylow subgroups of G and H respectively, then Obs(K/k) = 1.
Note that the inverse direction of Proposition 6.3 (iv) does not hold in general. For example, if n = 8,
G = 8T 13 ≃ A4×C2 and there exists a place v of k such that Gv ≃ V4, then Obs(K/k) = 1 but G2 = 8T 3 ≃ (C2)3
and Obs(K2/k) 6= 1 may occur (see [HKY, Theorem 1.21 (3)]).
Theorem 6.4 (Drakokhrust and Platonov [DP87, Theorem 3, Corollary 1]). Let k, L ⊃ K ⊃ k, G and H be as
in Theorem 6.2. Let Hi ≤ Gi ≤ G (1 ≤ i ≤ m), Hi ≤ H ∩ Gi, ki = LGi and Ki = LHi . If Obs(Ki/ki) = 1 for
any 1 ≤ i ≤ m and
m⊕
i=1
Ĥ−3(Gi,Z)
cores−−−→ Ĥ−3(G,Z)
is surjective, then Obs(K/k) = Obs1(L/K/k). In particular, if [K : k] = n is square-free, then Obs(K/k) =
Obs1(L/K/k).
Theorem 6.5 (Drakokhrust [Dra89, Theorem 1], see also Opolka [Opo80, Satz 3]). Let k, L ⊃ K ⊃ k, G and
H be as in Theorem 6.2. Let L˜ ⊃ L ⊃ k be a tower of Galois extensions with G˜ = Gal(L˜/k) and H˜ = Gal(L˜/K)
which correspond to a central extension 1 → A → G˜ → G → 1 with A ∩ [G˜, G˜] ≃ M(G); the Schur multiplier
of G (this is equivalent to the inflation M(G˜) → M(G) is zero map, see Beyl and Tappe [BT82, Proposition
2.13, page 85]). Then Obs(K/k) = Obs1(L˜/K/k). In particular, G˜ is a Schur cover of G, i.e. A ≃ M(G), then
Obs(K/k) = Obs1(L˜/K/k).
We note that if L/k is an unramified extension, then A(T ) = 0 and H1(G, [JG/H ]
fl) ≃ X(T ) ≃ Obs(K/k)
where T = R
(1)
K/k(Gm) (see Theorem 3.3). Moreover, if n is square-free, e.g. n = 6, 10, 14, 15, then Obs(K/k) =
Obs1(L/K/k) = Kerψ1/ϕ1(Kerψ
nr
2 ) ≃ Kerψ1/(ΦG(H)/[H,H ]).
In Hoshi, Kanai and Yamasaki [HKY, Section 7], we made the following functions of GAP ([GAP]) which will
be used in the proof of Theorem 1.3.
FirstObstructionN(G,H).ker returns the list [l1, [l2, l3]] where l1 is the abelian invariant of the numerator of
the first obstruction Kerψ1 = 〈y1, . . . , yt〉 with respect to G, H as in Theorem 6.2, l2 = [e1, . . . , em] is the abelian
invariant of Hab = H/[H,H ] = 〈x1, . . . , xm〉 with ei = order(xi) and l3 = [l3,1, . . . , l3,t], l3,i = [ri,1, . . . , ri,m] is
the list with yi = x
ri,1
1 · · ·xri,mm for H ≤ G ≤ Sn.
FirstObstructionN(G).ker returns the same as FirstObstructionN(G,H).ker where H = Stab1(G) is
the stabilizer of 1 in G ≤ Sn.
FirstObstructionDnr(G,H).Dnr returns the list [l1, [l2, l3]] where l1 is the abelian invariant of the unramified
part of the denominator of the first obstruction ϕ1(Kerψ
nr
2 ) = Φ
G(H)/[H,H ] = 〈y1, . . . , yt〉 with respect to G,
H as in Proposition 6.3 (iii), l2 = [e1, . . . , em] is the abelian invariant of H
ab = H/[H,H ] = 〈x1, . . . , xm〉 with
ei = order(xi) and l3 = [l3,1, . . . , l3,t], l3,i = [ri,1, . . . , ri,m] is the list with yi = x
ri,1
1 · · ·xri,mm for H ≤ G ≤ Sn.
FirstObstructionDnr(G).Dnr returns the same as FirstObstructionDnr(G,H).Dnr where H = Stab1(G)
is the stabilizer of 1 in G ≤ Sn.
FirstObstructionDr(G,Gv, H).Dr returns the list [l1, [l2, l3]] where l1 is the abelian invariant of the ramified
part of the denominator of the first obstruction ϕ1(Kerψ
r
2) = 〈y1, . . . , yt〉 with respect to G, Gv, H as in
Theorem 6.2, l2 = [e1, . . . , em] is the abelian invariant of H
ab = H/[H,H ] = 〈x1, . . . , xm〉 with ei = order(xi)
and l3 = [l3,1, . . . , l3,t], l3,i = [ri,1, . . . , ri,m] is the list with yi = x
ri,1
1 · · ·xri,mm for H ≤ G ≤ Sn.
FirstObstructionDr(G,Gv).Dr returns the same as FirstObstructionDr(G,Gv, H).DrwhereH = Stab1(G)
is the stabilizer of 1 in G ≤ Sn.
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 19
SchurCoverG(G).SchurCover (resp. SchurCoverG(G).epi) returns one of the Schur covers G˜ of G (resp.
the surjective map pi) in a central extension 1 → A→ G˜ pi−→ G → 1 with A ≃ M(G); Schur multiplier of G (see
Karpilovsky [Kap87, page 16]). The Schur covers G˜ are stem extensions, i.e. A ≤ Z(G˜) ∩ [G˜, G˜], of the maximal
size. This function is based on the built-in function EpimorphismSchurCover in GAP.
MinimalStemExtensions(G)[j].MinimalStemExtension (resp. MinimalStemExtensions(G)[j].epi) re-
turns the j-th minimal stem extension G = G˜/A′, i.e. A ≤ Z(G)∩ [G,G], of G provided by the Schur cover G˜ of
G via SchurCoverG(G).SchurCover where A′ is the j-th maximal subgroups of A =M(G) (resp. the surjective
map pi) in the commutative diagram
1 −−−−→ A =M(G) −−−−→ G˜ pi−−−−→ G −−−−→ 1y y ∥∥∥
1 −−−−→ A = A/A′ −−−−→ G = G˜/A′ pi−−−−→ G −−−−→ 1
(see Robinson [Rob96, Exercises 11.4]). This function is based on the built-in function EpimorphismSchurCover
in GAP.
ResolutionNormalSeries(LowerCentralSeries(G),n+1) (resp. ResolutionNormalSeries(DerivedSeries
(G),n+ 1), ResolutionFiniteGroup(G,n+ 1)) returns a free resolution RG of G when G is nilpotent (resp.
solvable, finite). This function is the built-in function of HAP ([HAP]) in GAP ([GAP]) .
ResHnZ(RG,RH, n).HnGZ (resp. ResHnZ(RG,RH, n).HnHZ) returns the abelian invariants of Hn(G,Z) (resp.
Hn(H,Z)) with respect to Smith normal form, for free resolutions RG and RH of G and H respectively.
ResHnZ(RG,RH, n).Res returns the list L = [l1, . . . , ls] where H
n(G,Z) = 〈x1, . . . , xs〉 res−−→ Hn(H,Z) =
〈y1, . . . , yt〉, res(xi) =
∏t
j=1 y
li,j
j and li = [li,1, . . . , li,t] for free resolutions RG and RH of G and H respectively.
ResHnZ(RG,RH, n).Ker returns the list L = [l1, [l2, l3]] where l1 is the abelian invariant of Ker{Hn(G,Z) res−−→
Hn(H,Z)} = 〈y1, . . . , yt〉, l2 = [d1, . . . , ds] is the abelian invariant of Hn(G,Z) = 〈x1, . . . , xs〉 with di = ord(xi)
and l3 = [l3,1, . . . , l3,t], l3,j = [rj,1, . . . , rj,s] is the list with yj = x
rj,1
1 · · ·xrj,ss for free resolutions RG and RH of
G and H respectively.
ResHnZ(RG,RH, n).Coker returns the list L = [l1, [l2, l3]] where l1 = [e1, . . . , et] is the abelian invariant
of Coker{Hn(G,Z) res−−→ Hn(H,Z)} = 〈y1, . . . , yt〉 with ej = ord(yj), l2 = [d1, . . . , ds] is the abelian invari-
ant of Hn(H,Z) = 〈x1, . . . , xs〉 with di = ord(xi) and l3 = [l3,1, . . . , l3,t], l3,j = [rj,1, . . . , rj,s] is the list with
yj = x1
rj,1 · · ·xsrj,s for free resolutions RG and RH of G and H respectively.
KerResH3Z(G,H) returns the list L = [l1, [l2, l3]] where l1 is the abelian invariant of Ker{H3(G,Z) res−−→
⊕m′i=1H3(Gi,Z)} = 〈y1, . . . , yt〉 where Hi ≤ Gi ≤ G, Hi ≤ H ∩Gi, [Gi : Hi] = n and the action of Gi on Z[Gi/Hi]
may be regarded as nTm (n ≤ 15, n 6= 12) which is not in [HKY, Table 1], l2 = [d1, . . . , ds] is the abelian
invariant of H3(G,Z) = 〈x1, . . . , xs〉 with di′ = ord(xi′ ) and l3 = [l3,1, . . . , l3,t], l3,j = [rj,1, . . . , rj,s] is the list
with yj = x
rj,1
1 · · ·xrj,ss for groups G and H (cf. Theorem 6.5).
The functions above are available from
https://www.math.kyoto-u.ac.jp/~yamasaki/Algorithm/Norm1ToriHNP.
7. Proof of Theorem 1.3
In order to prove Theorem 1.3, we made the following additional GAP ([GAP]) functions:
KerResH3Z(G,H:iterator) returns the same as KerResH3Z(G,H) (in Section 6) but using the built-in func-
tion IteratorByFunctions of GAP in order to run fast (by applying the new function ChooseGiIterator(G,H)
to choose suitable Gi ≤ G instead of the old one ChooseGi(G,H)) and also using nTm (n ≤ 15) which is not in
[HKY, Table 1] or Table 1 instead of nTm (n ≤ 15, n 6= 12) which is not in [HKY, Table 1] (cf. Theorem 6.5).
ConjugacyClassesSubgroupsNGHOrbitRep(ConjugacyClassesSubgroups(G),H) returns the list L = [l1, . . . , lt]
where t is the number of subgroups of G up to conjugacy, lr = [lr,1, . . . , lr,ur ] (1 ≤ r ≤ t), lr,s (1 ≤ s ≤ ur) is a
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representative of the orbit OrbNG(H)\G/NG(Gvr,s)(Gvr,s) of Gvr,s ≤ G under the conjugate action of G which cor-
responds to the double coset NG(H)\G/NG(Gvr,s) with OrbG/NG(Gvr )(Gvr ) =
⋃ur
s=1OrbNG(H)\G/NG(Gvr,s)(Gvr,s)
corresponding to r-th subgroup Gvr ≤ G up to conjugacy.
MinConjugacyClassesSubgroups(l) returns the minimal elements of the list l = {HGi } whereHGi = {x−1Hix |
x ∈ G} for some subgroups Hi ≤ G which satisfy the condition that if HGi , HGr ∈ l and Hi ≤ Hr, then HGj ∈ l
for any Hi ≤ Hj ≤ Hr.
IsInvariantUnderAutG(l) returns true if the list l = {HGi } is closed under the action of all the automor-
phisms Aut(G) of G where HGi = {x−1Hix | x ∈ G} (Hi ≤ G). If not, this returns false.
The functions above are also available from
https://www.math.kyoto-u.ac.jp/~yamasaki/Algorithm/Norm1ToriHNP.
Proof of Theorem 1.3.
Let G = Gal(L/k) = 12Tm ≤ S12 be the m-th transitive subgroup of S12 and H = Gal(L/K) ≤ G with
[G : H ] = 12. Let Vk be the set of all places of k and Gv be the decomposition group of G at v ∈ Vk.
In order to prove the statement of the theorem, we may assume that H = Stab1(G) is the stabilizer of 1 in G,
i.e. L = k(θ1, . . . , θn) and K = L
H = k(θ1), without loss of generality except for the cases (2) G = 12Tm (m =
10, 37, 54, 56, 59, 61, 66, 77, 88, 92, 93, 100, 102, 144, 188, 210, 214, 230, 242, 255, 271) (21 cases), (4) G = 12T 57 and
(5) G = 12T 32 because the statements (1) and (3) are described in terms of the characteristic subgroups of G,
i.e. invariants under the automorphisms of G.
For the cases (2), (4) and (5), the necessary and sufficient condition given in the theorem is not stable under
the action of all the automorphisms Aut(G) of G. We can check this via the function IsInvariantUnderAutG(l).
Hence we should assume in the theorem that H is the stabilizer of one of the letters is G. By this assumption,
we may also assume that H = Stab1(G) is the stabilizer of 1 in G because (the multi-set) {OrbG′(i) | 1 ≤ i ≤ 12}
(G′ ≤ G) is invariant under the conjugacy actions of G, i.e. inner automorphisms of G.
By Theorem 1.1 and Theorem 3.3, it is enough to give a necessary and sufficient condition to X(T ) = 0. We
also include the proof for Galois cases L = K, i.e. H = 1, (see Tate [Tat67] and Theorem 3.5).
(1) G = 12Tm (m = 2, 3, 4, 7, 9, 16, 18, 20, 33, 34, 40, 43, 47, 52, 55, 64, 65, 70, 71, 74, 75, 96, 97, 117, 122, 130, 132,
133, 168, 171, 172, 174, 176, 179, 194, 232, 234, 246, 261, 280) (40 cases) with X(T ) ≤ Z/2Z (cf. Tate [Tat67, page
198] for Galois cases 12T 2 ≃ C6 × C2, 12T 3 ≃ D6 and 12T 4 ≃ A4(12)).
We split the 40 cases into 3 parts (1-1), (1-2), (1-3) according to the method to prove the assertion:
(1-1) m = 7, 9, 34, 47, 52, 55, 64, 65, 74, 75, 96, 97, 122, 172, 174, 232, 246 (17 cases).
Applying FirstObstructionN(G) and FirstObstruntionDnr(G), we obtain that Kerψ1/ϕ1(Kerψ
nr
2 ) ≃
Z/2Z. This implies that Obs(K/k) = Obs1(L/K/k) if L/k is unramified. Use Theorem 6.4. Applying
KerResH3Z(G,H:iterator), we see Ker{H3(G,Z) res−−→ ⊕m′i=1H3(Gi,Z)} = 0 and hence ⊕m
′
i=1Ĥ
−3(Gi,Z)
cores−−−→
Ĥ−3(G,Z) is surjective. It follows from Theorem 6.4 that Obs(K/k) = Obs1(L/K/k). Apply the function
FirstObstructionDr(G,Gvr,s) to representatives of the orbit OrbNG(H)\G/NG(Gvr,s)(Gvr,s) of Gvr,s ≤ G under
the conjugate action of G which corresponds to the double coset NG(H)\G/NG(Gvr,s) with OrbG/NG(Gvr )(Gvr )
=
⋃ur
s=1OrbNG(H)\G/NG(Gvr,s)(Gvr,s) corresponding to r-th subgroup Gvr ≤ G up to conjugacy via the function
ConjugacyClassesSubgroupsNGHOrbitRep(ConjugacyClassesSubgroups(G),H). Then we can get the mini-
mal elements of the Gvr,s ’s with Kerψ1/ϕ1(Kerψ2) = 0 via the function MinConjugacyClassesSubgroups(l).
Finally, we get a necessary and sufficient condition to Obs1(L/K/k) = 1 for each case (see Example 7.1).
(1-2) m = 2, 3, 4, 16, 18, 33, 43, 70, 71, 130, 132, 133, 176, 179, 234 (15 cases). Applying FirstObstructionN(G)
and FirstObstruntionDnr(G), we have Obs1(L/K/k) = 1. Hence we just apply Theorem 6.5. We have the
Schur multiplier M(G) ≃ Z/2Z for G = 12Tm (m = 2, 3, 4, 16, 18, 33, 43, 70, 71, 130, 132, 133, 176, 179, 234). We
obtain a Schur cover 1 → M(G) ≃ Z/2Z → G˜ pi−→ G → 1 and Obs(K/k) = Obs1(L˜/K/k). By Theorem
1.1, we have Ker ψ˜1/ϕ˜1(Ker ψ˜
nr
2 ) ≃ Z/2Z. By applying the functions FirstObstructionDr(G˜, G˜vr,s , H˜) and
MinConjugacyClassesSubgroups(l) as in the case (1-1), we can get the minimal elements of the G˜vr,s ’s with
Ker ψ˜1/ϕ˜1(Ker ψ˜2) = 0. Then we get a necessary and sufficient condition to Obs1(L˜/K/k) = 1 for each case (see
Example 7.2).
(1-3) m = 20, 40, 117, 168, 171, 194, 261, 280 (8 cases). Applying the functions FirstObstructionN(G) and
FirstObstruntionDnr(G), we have Obs1(L/K/k) = 1. For the 8 casesG = 12Tm (m = 20, 40, 117, 168, 171, 194,
261, 280), we obtain that the Schur multipliers M(G) ≃ Z/6Z, Z/6Z, (Z/2Z)⊕3, (Z/2Z)⊕3, Z/2Z⊕ (Z/3Z)⊕2,
Z/6Z, (Z/2Z)⊕4, (Z/2Z)⊕2 respectively. We can take a minimal stem extensionG = G˜/A′, i.e. A ≤ Z(G)∩[G,G],
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of G in the commutative diagram
1 −−−−→ A =M(G) −−−−→ G˜ pi−−−−→ G −−−−→ 1y y ∥∥∥
1 −−−−→ A = A/A′ −−−−→ G = G˜/A′ pi−−−−→ G −−−−→ 1
with A ≃ Z/2Z or Z/3Z via the function MinimalStemExtensions(G)[j].MinimalStemExtension. Then we ap-
ply Theorem 6.4 instead of Theorem 6.5. Applying KerResH3Z(G,H:iterator), we can get Ker{H3(Gj ,Z) res−−→
⊕m′i=1H3(Gi,Z)} = 0 for exactly one j with A ≃ Z/2Z. Because ⊕m
′
i=1Ĥ
−3(Gi,Z)
cores−−−→ Ĥ−3(Gj ,Z) is surjective,
it follows from Theorem 6.4 that Obs(K/k) = Obs1(Lj/K/k). We also checked that Kerψ1/ϕ1(Kerψ
nr
2 ) ≃ Z/2Z
for Gj and Kerψ1/ϕ1(Kerψ
nr
2 ) = 0 for Gj′ (j
′ 6= j). Hence Obs(K/k) 6= Obs1(Lj/K/k) when Lj/k is unramified.
By applying the functions FirstObstructionDr(Gj , Gj,vr,s , Hj) and MinConjugacyClassesSubgroups(l) as in
the case (1-1), we may find the minimal elements of the Gj,vr,s ’s with Kerψ1/ϕ1(Kerψ2) = 0. Then we get a
necessary and sufficient condition to Obs1(Lj/K/k) = 1 for each case (see Example 7.3).
(2) G = 12Tm (m = 10, 37, 54, 56, 59, 61, 66, 77, 88, 92, 93, 100, 102, 144, 188, 210, 214, 230, 242, 255, 271) (21
cases) with X(T ) ≤ Z/2Z. We assume that H is the stabilizer of one of the letters is G.
We split the 21 cases into 2 parts (2-1), (2-2) according to the method to prove the assertion:
(2-1) m = 54, 56, 59, 61, 66, 88, 92, 93, 100, 102, 144, 188, 230, 255 (14 cases). This case can be proved by the
similar manner as in Case (1-1) (see Example 7.4).
(2-2)m = 10, 37, 77, 210, 214, 242, 271 (7 cases). This case can be proved by the similar manner as in Case (1-3).
In particular, for the 7 cases G = 12Tm (m = 10, 37, 77, 210, 214, 242, 271), we obtain that the Schur multipliers
M(G) ≃ (Z/2Z)⊕3, (Z/2Z)⊕3, (Z/2Z)⊕3, (Z/2Z)⊕3, (Z/2Z)⊕2 ⊕ Z/3Z, (Z/2Z)⊕5, (Z/2Z)⊕3 respectively (see
Example 7.5).
(3) G = 12T 31 with X(T ) ≤ Z/4Z. This case can be proved by the similar manner as in Case (1-1) (see
Example 7.6).
(4) G = 12T 57 with X(T ) ≤ Z/4Z. We assume that H is the stabilizer of one of the letters is G. This case
can be proved by the similar manner as in Case (1-1) (see Example 7.7).
(5) G = 12T 32 with X(T ) ≤ (Z/2Z)⊕2. We assume that H is the stabilizer of one of the letters is G.
This case can be proved by the similar manner as in Case (1-1) (see Example 7.8). 
Example 7.1 (G = 12Tm (m = 7, 9, 34, 47, 52, 55, 64, 65, 74, 75, 96, 97, 122, 132, 172, 174, 232, 246)).
(1-1-1) G = 12T 7 ≃ A4(6)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,7);
A_4(6)[x]2=[1/8.2^6]3
gap> H:=Stabilizer(G,1);
Group([ (2,8)(3,9)(4,10)(5,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
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gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 4 ], [ [ false ], 8 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
8
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
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gap> Length(GcsHNPtrue);
4
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 3 ], [ "C2 x C2", 2 ], [ "C3", 1 ], [ "C6", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "C2 x A4", 1 ], [ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
2
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,7)(4,10)(5,11)(6,12), (2,8)(3,9)(4,10)(5,11) ])
gap> StructureDescription(DG);
"C2 x C2"
gap> List(List(GcsHNPfalseC2xC2,Representative),x->Intersection(x,DG));
[ Group([ (2,8)(3,9)(4,10)(5,11) ]), Group([ (2,8)(3,9)(4,10)(5,11) ]) ]
gap> List(List(GcsHNPtrueC2xC2,Representative),x->Intersection(x,DG));
[ Group([ (1,7)(4,10)(5,11)(6,12), (2,8)(3,9)(4,10)(5,11) ]) ]
(1-1-2) G = 12T 9 ≃ S4.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,9);
1/2[1/8.2^6]S(3)=S_4(12e)
gap> H:=Stabilizer(G,1);
Group([ (2,8)(3,9)(5,11)(6,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
11
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 4 ], [ [ false ], 7 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
7
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
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gap> Length(GcsHNPtrue);
4
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 2 ], [ "C2 x C2", 1 ], [ "C3", 1 ], [ "C4", 1 ],
[ "S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "C2 x C2", 1 ], [ "D8", 1 ], [ "S4", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
1
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (2,8)(3,9)(5,11)(6,12), (1,7)(2,8)(4,10)(5,11), (1,9,5)(2,10,6)
gap> StructureDescription(DG);
"A4"
gap> List(List(GcsHNPfalseC2xC2,Representative),x->Intersection(x,DG));
[ Group([ (1,7)(2,8)(4,10)(5,11) ]) ]
gap> List(List(GcsHNPtrueC2xC2,Representative),x->Intersection(x,DG));
[ Group([ (2,8)(3,9)(5,11)(6,12), (1,7)(3,9)(4,10)(6,12) ]) ]
(1-1-3) G = 12T 34 ≃ (S3)2 ⋊ C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,34);
F_36:2(12e)
gap> H:=Stabilizer(G,1);
Group([ (2,10)(3,11)(4,8)(5,9), (4,8)(5,9)(6,10)(7,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
26
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 2 ], [ [ false ], 24 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
24
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
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> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 1 ], [ "(C3 x C3) : C4", 1 ], [ "1", 1 ], [ "C2", 3 ],
[ "C2 x C2", 2 ], [ "C3", 2 ], [ "C3 x C3", 1 ], [ "C3 x S3", 2 ],
[ "C4", 1 ], [ "C6", 2 ], [ "D12", 2 ], [ "S3", 4 ], [ "S3 x S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(S3 x S3) : C2", 1 ], [ "D8", 1 ] ]
(1-1-4) G = 12T 47 ≃ (C3)2 ⋊Q8.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,47);
[(1/3.3^3):2]E(4)_4
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (3,11)(4,8)(5,9)(6,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 3 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
14
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 2 ], [ [ false ], 12 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
12
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 1 ], [ "(C3 x C3) : C4", 3 ], [ "1", 1 ], [ "C2", 1 ],
[ "C3", 1 ], [ "C3 x C3", 1 ], [ "C4", 3 ], [ "S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : Q8", 1 ], [ "Q8", 1 ] ]
(1-1-5) G = 12T 52 ≃ (A4 × V4)⋊ C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,52);
1/2c[1/16.D(4)^3]S(3)
gap> GeneratorsOfGroup(G);
[ (3,9)(6,12), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,5,9)(2,6,10)(3,7,11)(4,8,12), (1,11)(2,10)(3,9)(4,8)(5,7) ]
gap> H:=Stabilizer(G,1);
Group([ (3,9)(6,12), (2,8)(5,11), (2,6)(3,5)(4,10)(8,12)(9,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
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gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
62
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 15 ], [ [ false ], 47 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
47
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
15
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 1 ], [ "(C6 x C2) : C2", 1 ], [ "1", 1 ], [ "A4", 1 ],
[ "A4 : C4", 1 ], [ "C2", 6 ], [ "C2 x A4", 2 ], [ "C2 x C2", 12 ],
[ "C2 x C2 x A4", 1 ], [ "C2 x C2 x C2", 5 ], [ "C2 x C2 x C2 x C2", 1 ],
[ "C3", 1 ], [ "C3 : C4", 1 ], [ "C4", 3 ], [ "C4 x C2", 2 ], [ "C6", 2 ],
[ "C6 x C2", 1 ], [ "D12", 1 ], [ "D8", 3 ], [ "S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x A4) : C2", 1 ], [ "(C2 x C2 x C2 x C2) : C2", 1 ],
[ "(C4 x C2) : C2", 2 ], [ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ],
[ "C2 x D8", 3 ], [ "C2 x S4", 1 ], [ "C4 x C2", 1 ], [ "D8", 3 ],
[ "S4", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "C4 x C2", 1 ], [ "D8", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
12
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 2, 2 ], 2 ],
[ [ 2, 2, 2, 2, 4 ], 3 ], [ [ 2, 2, 4, 4 ], 3 ], [ [ 2, 4, 4 ], 1 ],
[ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,7)(3,9)(4,10)(6,12), (1,7)(2,8)(3,9)(4,10)(5,11)(6,12), (1,9,5)
(2,10,6)(3,11,7)(4,12,8) ])
gap> DDG:=DerivedSubgroup(DG);
Group([ (1,7)(2,8)(4,10)(5,11), (1,7)(3,9)(4,10)(6,12) ])
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DDG,x))]));
[ [ [ [ 2, 2, 2, 2 ], "C2" ], 1 ], [ [ [ 2, 2, 2, 2, 2, 2 ], "C2" ], 1 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], "C2 x C2" ], 1 ],
[ [ [ 2, 2, 2, 2, 4 ], "1" ], 3 ], [ [ [ 2, 2, 4, 4 ], "1" ], 1 ],
[ [ [ 2, 2, 4, 4 ], "C2" ], 2 ], [ [ [ 2, 4, 4 ], "C2" ], 1 ],
[ [ [ 4, 4, 4 ], "1" ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
26 A. HOSHI, K. KANAI, AND A. YAMASAKI
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DDG,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], "1" ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,StructureDescription);
[ "(C2 x C2 x A4) : C2", "C2 x C2 x A4", "A4 : C4", "C2 x S4",
"C2 x C2 x C2 x C2", "C2 x A4", "A4", "C2 x C2 x C2", "C2 x C2", "C2",
"C2 x C2", "1" ]
gap> List(ChG,Order);
[ 96, 48, 48, 48, 16, 24, 12, 8, 4, 2, 4, 1 ]
gap> Position(ChG,DG);
6
gap> Position(ChG,DDG);
11
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 2, 4, 2, 2, 1, 2, 2, 2, 1, 1 ], 1 ],
[ [ 4, 2, 2, 4, 2, 2, 2, 2, 1, 1, 2, 1 ], 1 ],
[ [ 4, 4, 2, 2, 4, 2, 1, 2, 1, 1, 1, 1 ], 2 ],
[ [ 4, 4, 2, 2, 4, 2, 1, 2, 2, 1, 1, 1 ], 1 ],
[ [ 4, 4, 2, 2, 4, 2, 1, 2, 2, 2, 1, 1 ], 1 ],
[ [ 4, 4, 2, 2, 4, 2, 1, 2, 4, 2, 1, 1 ], 1 ],
[ [ 4, 4, 2, 2, 4, 2, 2, 2, 1, 1, 2, 1 ], 1 ],
[ [ 4, 4, 2, 2, 4, 2, 2, 2, 2, 1, 2, 1 ], 1 ],
[ [ 4, 4, 4, 4, 4, 4, 2, 4, 1, 1, 2, 1 ], 1 ],
[ [ 4, 4, 4, 4, 4, 4, 2, 4, 2, 2, 2, 1 ], 1 ],
[ [ 4, 4, 4, 4, 4, 4, 4, 4, 1, 1, 4, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 2, 4, 2, 2, 1, 2, 1, 1, 1, 1 ], 1 ] ]
gap> C2xC2xA4:=ChG[2];
C2 x C2 x A4
gap> ZG:=Centre(G);
Group([ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ])
gap> Position(ChG,ZG);
10
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List([C2xC2xA4,ZG,DDG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2", "1", "C2" ], 1 ],
[ [ "C2", "C2", "1" ], 1 ],
[ [ "C2 x C2", "1", "1" ], 3 ],
[ [ "C2 x C2", "1", "C2" ], 3 ],
[ [ "C2 x C2", "1", "C2 x C2" ], 1 ],
[ [ "C2 x C2", "C2", "1" ], 2 ],
[ [ "C2 x C2", "C2", "C2" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List([C2xC2xA4,ZG,DDG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2", "1", "1" ], 1 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
2
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
1
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
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[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 8, 4, 4, 4, 2, 4, 2, 2, 2, 1 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 8, 4, 4, 2, 4, 2, 2, 2, 1 ], 1 ] ]
gap> A4xlC4:=ChG[3];
A4 : C4
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(A4xlC4,x))));
[ [ "C4 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(A4xlC4,x))));
[ [ "C2 x C2", 1 ] ]
gap> C2xS4:=ChG[4];
C2 x S4
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(C2xS4,x))));
[ [ "C2 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(C2xS4,x))));
[ [ "C4 x C2", 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
3
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
3
gap> GcsHNPtrueMinD4:=Filtered(GcsHNPtrueMin,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueMinD4);
1
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 4, 4 ], 1 ], [ [ 4, 8 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ], [ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueMinD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 4, 4, 2, 1, 2, 2, 2, 1, 1 ], 1 ],
[ [ 8, 4, 4, 4, 4, 2, 1, 2, 4, 2, 1, 1 ], 1 ],
[ [ 8, 4, 4, 8, 4, 4, 2, 4, 1, 1, 2, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueMinD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 8, 4, 4, 4, 4, 1, 1, 4, 1 ], 1 ] ]
gap> A4:=ChG[7];
A4
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(A4,x))));
[ [ "1", 2 ], [ "C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueMinD4,Representative),
> x->StructureDescription(Intersection(A4,x))));
[ [ "C2 x C2", 1 ] ]
gap> DDG:=DerivedSubgroup(DG);
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Group([ (1,7)(2,8)(4,10)(5,11), (1,7)(3,9)(4,10)(6,12) ])
gap> Position(ChG,DDG);
11
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(DDG,x))));
[ [ "1", 2 ], [ "C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueMinD4,Representative),
> x->StructureDescription(Intersection(DDG,x))));
[ [ "C2 x C2", 1 ] ]
(1-1-6) G = 12T 55 ≃ ((C4)2 ⋊ C3)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,55);
[1/2.4^3]3
gap> H:=Stabilizer(G,1);
Group([ (3,9)(6,12), (2,8)(5,11), (2,11,8,5)(3,6,9,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 4 ], [ [ 2, 4 ], [ [ 1, 1 ], [ 0, 2 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 4 ], [ [ 0, 2 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 4 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[4];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
28
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 5 ], [ [ false ], 23 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
23
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
5
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 1 ], [ "C2", 3 ], [ "C2 x A4", 1 ], [ "C2 x C2", 3 ],
[ "C2 x C2 x C2", 1 ], [ "C3", 1 ], [ "C4", 4 ], [ "C4 x C2", 6 ],
[ "C4 x C2 x C2", 1 ], [ "C6", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C4 x C4) : C3", 1 ], [ "C2 x ((C4 x C4) : C3)", 1 ], [ "C4 x C4", 2 ],
[ "C4 x C4 x C2", 1 ] ]
(1-1-7) G = 12T 64 ≃ ((C4)2 ⋊ C3)⋊ C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,64);
[1/2[1/2.2^2]^3]S_4(6d)_8a
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3)(6,7)(8,9), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,2)(3,12)(4,5)(6,9)(7,8) ]
gap> H:=Stabilizer(G,1);
Group([ (2,3)(4,5)(8,9)(10,11), (2,8,3,9)(4,10,5,11), (2,11)(3,10)(4,8)(5,9)
(6,7) ])
gap> FirstObstructionN(G,H).ker;
[ [ 4 ], [ [ 2, 4 ], [ [ 1, 1 ], [ 0, 2 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 4 ], [ [ 0, 2 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
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[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[4];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
24
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 7 ], [ [ false ], 17 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
17
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
7
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 1 ], [ "C2", 2 ], [ "C2 x C2", 2 ], [ "C3", 1 ],
[ "C4", 3 ], [ "C4 x C2", 2 ], [ "C8", 1 ], [ "C8 : C2", 1 ], [ "D8", 1 ],
[ "Q8", 1 ], [ "S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C4 x C4) : C3) : C2", 1 ], [ "(C4 x C2) : C2", 1 ],
[ "(C4 x C4) : C2", 1 ], [ "(C4 x C4) : C3", 1 ], [ "C4 x C4", 1 ],
[ "D8", 1 ], [ "S4", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C4 x C4", 1 ], [ "D8", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
1
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
1
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);
[ [1/2[1/2.2^2]^3]S_4(6d)_8a, Group([ (1,5,9)(2,6,10)(3,7,11)(4,8,12), (2,8,3,
9)(4,10,5,11), (1,6,12,7)(2,8,3,9)(4,5)(10,11), (2,3)(4,5)(8,9)
(10,11), (1,12)(2,3)(6,7)(8,9) ]), Group([ (2,8,3,9)(4,10,5,11), (1,6,12,7)
(2,8,3,9)(4,5)(10,11), (2,3)(4,5)(8,9)(10,11), (1,12)(2,3)(6,7)(8,9) ]),
Group([ (2,3)(4,5)(8,9)(10,11), (1,12)(2,3)(6,7)(8,9) ]), Group(()) ]
gap> List(ChG,StructureDescription);
[ "((C4 x C4) : C3) : C2", "(C4 x C4) : C3", "C4 x C4", "C2 x C2", "1" ]
gap> List(ChG,Order);
[ 96, 48, 16, 4, 1 ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 2, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 4, 1 ], 1 ] ]
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gap> DG:=DerivedSubgroup(G);
Group([ (2,3)(4,5)(8,9)(10,11), (1,2,10)(3,11,12)(4,6,8)(5,7,9), (1,4,9)
(2,6,11)(3,7,10)(5,8,12) ])
gap> Position(ChG,DG);
2
gap> DDG:=DerivedSubgroup(DG);
Group([ (1,12)(2,3)(6,7)(8,9), (1,12)(4,5)(6,7)(10,11), (2,9,3,8)
(4,11,5,10), (1,6,12,7)(2,3)(4,11,5,10)(8,9) ])
gap> Position(ChG,DDG);
3
gap> FrDDG:=FrattiniSubgroup(DDG);
Group([ (1,12)(4,5)(6,7)(10,11), (2,3)(4,5)(8,9)(10,11) ])
gap> Position(ChG,FrDDG);
4
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(FrDDG,x))));
[ [ "C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->StructureDescription(Intersection(FrDDG,x))));
[ [ "C2 x C2", 1 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
1
(1-1-8) G = 12T 65 ≃ ((C4)2 ⋊ C3)⋊ C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,65);
[1/2[1/2.2^2]^3]S_4(6c)_4
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3)(6,7)(8,9), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,3)(2,12)(4,10)(5,11)(6,8)(7,9), (1,5)(2,9)(3,8)(4,12)(6,11)(7,10) ]
gap> H:=Stabilizer(G,1);
Group([ (2,3)(4,5)(8,9)(10,11), (2,10,8,5,3,11,9,4)(6,7) ])
gap> FirstObstructionN(G,H).ker;
[ [ 4 ], [ [ 8 ], [ [ 2 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 8 ], [ [ 4 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[4];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
24
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 5 ], [ [ false ], 19 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
19
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
5
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 1 ], [ "1", 1 ], [ "A4", 1 ], [ "C2", 2 ],
[ "C2 x C2", 2 ], [ "C3", 1 ], [ "C4", 3 ], [ "C4 x C2", 2 ], [ "C8", 1 ],
[ "D8", 2 ], [ "Q8", 1 ], [ "S3", 1 ], [ "S4", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C4 x C4) : C3) : C2", 1 ], [ "(C4 x C4) : C2", 1 ],
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[ "(C4 x C4) : C3", 1 ], [ "C4 x C4", 1 ], [ "C8 : C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C4 x C4", 1 ], [ "C8 : C2", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 16, 2 ], 1 ], [ [ 16, 6 ], 1 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
1
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,6]); # G(16,6)=M16
1
(1-1-9) G = 12T 74 ≃ S5(12).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,74);
S_5(12)
gap> H:=Stabilizer(G,1);
Group([ (2,4,6,8,10)(3,5,7,9,11), (3,7)(4,10)(6,8)(9,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
19
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 13 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
13
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 2 ], [ "C2 x C2", 1 ], [ "C3", 1 ], [ "C4", 1 ],
[ "C5", 1 ], [ "C5 : C4", 1 ], [ "C6", 1 ], [ "D10", 1 ], [ "D12", 1 ],
[ "S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "A5", 1 ], [ "C2 x C2", 1 ], [ "D8", 1 ], [ "S4", 1 ],
[ "S5", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
1
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
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1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,11,7)(2,6,10)(3,5,9)(4,12,8), (1,11,3)(2,6,4)(5,9,7)
(8,10,12), (1,3,5)(2,12,10)(4,8,6)(7,11,9) ])
gap> StructureDescription(DG);
"A5"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2 x C2", 1 ] ]
(1-1-10) G = 12T 75 ≃ A5(6)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,75);
L(6)[x]2
gap> GeneratorsOfGroup(G);
[ (1,3,5,7,9)(2,4,6,8,12), (1,11)(2,8)(3,9)(10,12),
(1,12)(2,3)(4,5)(6,7)(8,9)(10,11) ]
gap> H:=Stabilizer(G,1);
Group([ (2,6,4,8,10)(3,7,5,9,11), (4,8)(5,9)(6,10)(7,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
22
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 16 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
16
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C10", 1 ], [ "C2", 3 ], [ "C2 x C2", 2 ], [ "C3", 1 ],
[ "C5", 1 ], [ "C6", 1 ], [ "D10", 2 ], [ "D12", 1 ], [ "D20", 1 ],
[ "S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "A5", 1 ], [ "C2 x A4", 1 ], [ "C2 x A5", 1 ],
[ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
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true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
2
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,3,9,11,5)(2,8,10,4,12), (1,7,9,5,11)(4,10,12,6,8) ])
gap> StructureDescription(DG);
"A5"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2 x C2", 1 ] ]
(1-1-11) G = 12T 96 ≃ (((C4)2 ⋊ C3)⋊ C2)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,96);
[(1/2.2^2)^3]S_4(6d)_8
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (1,5,9)(2,6,10)(3,7,11)(4,8,12), (2,3)(4,10)(5,11)(6,8)(7,9) ]
gap> H:=Stabilizer(G,1);
Group([ (2,3)(4,10)(5,11)(6,8)(7,9), (4,6,5,7)(8,11,9,10), (8,9)(10,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 0, 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
84
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 29 ], [ [ false ], 55 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
55
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
29
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 3 ], [ "1", 1 ], [ "A4", 1 ], [ "C2", 5 ],
[ "C2 x (C8 : C2)", 1 ], [ "C2 x A4", 1 ], [ "C2 x C2", 6 ],
[ "C2 x C2 x C2", 1 ], [ "C3", 1 ], [ "C4", 6 ], [ "C4 x C2", 10 ],
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[ "C4 x C2 x C2", 1 ], [ "C6", 1 ], [ "C8", 2 ], [ "C8 : C2", 3 ],
[ "C8 x C2", 1 ], [ "D12", 1 ], [ "D8", 5 ], [ "Q8", 3 ], [ "S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C4 x C4) : C3) : C2", 2 ], [ "(C4 x C2) : C2", 3 ],
[ "(C4 x C4) : C2", 4 ], [ "(C4 x C4) : C3", 1 ],
[ "C2 x (((C4 x C4) : C3) : C2)", 1 ], [ "C2 x ((C4 x C2) : C2)", 1 ],
[ "C2 x ((C4 x C4) : C2)", 1 ], [ "C2 x ((C4 x C4) : C3)", 1 ],
[ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ], [ "C2 x D8", 2 ], [ "C2 x Q8", 1 ],
[ "C2 x S4", 1 ], [ "C4 x C2", 1 ], [ "C4 x C2 x C2", 1 ], [ "C4 x C4", 2 ],
[ "C4 x C4 x C2", 1 ], [ "D8", 2 ], [ "S4", 2 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "C4 x C2", 1 ], [ "C4 x C4", 2 ], [ "D8", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
6
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 2, 2 ], 2 ], [ [ 2, 2, 4, 4 ], 1 ],
[ [ 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,12)(2,3)(4,5)(6,7), (1,11,5)(2,9,6)(3,8,7)(4,12,10), (1,4,8)
(2,7,11)(3,6,10)(5,9,12) ])
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 2, 2 ], "C2" ], 1 ], [ [ [ 2, 2, 2, 2, 2, 2 ], "C2" ], 1 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], "C2 x C2" ], 1 ], [ [ [ 2, 2, 4, 4 ], "1" ], 1 ],
[ [ [ 2, 4, 4 ], "C2" ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], "1" ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,StructureDescription);
[ "C2 x (((C4 x C4) : C3) : C2)", "C2 x ((C4 x C4) : C3)", "C4 x C4 x C2",
"(C4 x C4) : C3", "C2 x C2 x C2", "C4 x C4", "C2", "C2 x C2", "1" ]
gap> List(ChG,Order);
[ 192, 96, 32, 48, 8, 16, 2, 4, 1 ]
gap> Position(ChG,DG);
4
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 2, 1, 2, 1, 2, 1, 1 ], 1 ],
[ [ 4, 2, 2, 2, 2, 2, 1, 2, 1 ], 2 ],
[ [ 4, 4, 4, 2, 4, 2, 1, 2, 1 ], 1 ],
[ [ 4, 4, 4, 2, 4, 2, 2, 2, 1 ], 1 ],
[ [ 4, 4, 4, 4, 4, 4, 1, 4, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 2, 1, 2, 1, 1, 1, 1 ], 1 ] ]
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gap> ZG:=Centre(G);
Group([ (1,12)(2,3)(4,5)(6,7)(8,9)(10,11) ])
gap> Position(ChG,ZG);
7
gap> Syl2DG:=SylowSubgroup(DG,2);
Group([ (1,2,12,3)(4,5)(6,7)(8,11,9,10), (4,6,5,7)(8,11,9,10), (1,12)(2,3)
(8,9)(10,11), (1,12)(2,3)(4,5)(6,7) ])
gap> Position(ChG,Syl2DG);
6
gap> FrSyl2DG:=FrattiniSubgroup(Syl2DG);
Group([ (4,5)(6,7)(8,9)(10,11), (1,12)(2,3)(8,9)(10,11) ])
gap> Position(ChG,FrSyl2DG);
8
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List([DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "1", "C2" ], 1 ], [ [ "C2", "1" ], 3 ], [ [ "C2", "C2" ], 1 ],
[ [ "C2 x C2", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List([DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "1", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List([Syl2DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "1", "C2" ], 1 ], [ [ "C2", "1" ], 3 ], [ [ "C2", "C2" ], 1 ],
[ [ "C2 x C2", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List([Syl2DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "1", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List([ZG,FrSyl2DG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "1", "C2" ], 3 ], [ [ "1", "C2 x C2" ], 1 ], [ [ "C2", "1" ], 1 ],
[ [ "C2", "C2" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List([ZG,FrSyl2DG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "1", "1" ], 1 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
10
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
1
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 5 ], [ [ 2, 2, 8 ], 2 ], [ [ 2, 8 ], 2 ], [ [ 4, 4 ], 1 ]
]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 1 ], [ [ [ 2, 2, 4, 4 ], "C4" ], 3 ],
[ [ [ 2, 2, 4, 4 ], "C4 x C2" ], 1 ], [ [ [ 2, 2, 8 ], "C2" ], 2 ],
[ [ [ 2, 8 ], "C4" ], 2 ], [ [ [ 4, 4 ], "C4" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2" ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
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[ [ [ 8, 4, 4, 2, 2, 2, 1, 2, 1 ], 2 ], [ [ 8, 4, 4, 4, 2, 4, 1, 2, 1 ], 2 ],
[ [ 8, 8, 8, 4, 4, 4, 1, 2, 1 ], 2 ], [ [ 8, 8, 8, 4, 4, 4, 1, 4, 1 ], 1 ],
[ [ 8, 8, 8, 4, 4, 4, 2, 2, 1 ], 2 ], [ [ 8, 8, 8, 8, 4, 8, 1, 4, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 2, 4, 2, 2, 2, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C4 x C2", "C4", "C4", "C2", "C2", "C2", "1", "C2", "1" ], 2 ],
[ [ "C4 x C2", "C4", "C4", "C4", "C2", "C4", "1", "C2", "1" ], 2 ],
[ [ "C4 x C2", "C4 x C2", "C4 x C2", "C2 x C2", "C2 x C2", "C2 x C2", "1",
"C2 x C2", "1" ], 1 ],
[ [ "C4 x C2", "C4 x C2", "C4 x C2", "C4", "C2 x C2", "C4", "1", "C2", "1" ]
, 2 ],
[ [ "C4 x C2", "C4 x C2", "C4 x C2", "C4", "C2 x C2", "C4", "C2", "C2", "1"
], 2 ],
[ [ "C4 x C2", "C4 x C2", "C4 x C2", "C4 x C2", "C2 x C2", "C4 x C2", "1",
"C2 x C2", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C4 x C2", "C2 x C2", "C2 x C2", "C2", "C2 x C2", "C2", "C2", "C2", "1"
], 1 ] ]
gap> S12:=SymmetricGroup(12);
Sym( [ 1 .. 12 ] )
gap> T55:=ChG[2];
C2 x ((C4 x C4) : C3)
gap> IsConjugate(S12,T55,TransitiveGroup(12,55));
true
gap> Syl2T55:=SylowSubgroup(T55,2);
Group([ (1,12)(2,3), (1,2,12,3)(4,7,5,6)(8,9)(10,11), (4,6,5,7)
(8,11,9,10), (4,5)(6,7)(8,9)(10,11), (1,12)(2,3)(4,5)(6,7) ])
gap> Position(ChG,Syl2T55);
3
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(T55,x))));
[ [ "C4", 4 ], [ "C4 x C2", 6 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(T55,x))));
[ [ "C2 x C2", 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(Syl2T55,x))));
[ [ "C4", 4 ], [ "C4 x C2", 6 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(Syl2T55,x))));
[ [ "C2 x C2", 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
5
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
2
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 2 ], [ [ 2, 4, 4 ], 2 ], [ [ 2, 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
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[ [ [ 8, 4, 4, 2, 2, 2, 1, 2, 1 ], 1 ], [ [ 8, 4, 4, 2, 4, 2, 1, 2, 1 ], 2 ],
[ [ 8, 4, 4, 4, 2, 4, 1, 2, 1 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 4, 4, 4, 1, 4, 1 ], 2 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "D8", "C2 x C2", "C2 x C2", "C2", "C2 x C2", "C2", "1", "C2", "1" ], 2 ]
, [ [ "D8", "C4", "C4", "C2", "C2", "C2", "1", "C2", "1" ], 1 ],
[ [ "D8", "C4", "C4", "C4", "C2", "C4", "1", "C2", "1" ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "D8", "C2 x C2", "C2 x C2", "C2 x C2", "C2 x C2", "C2 x C2", "1",
"C2 x C2", "1" ], 2 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2", 3 ], [ "C4", 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(Syl2DG,x))));
[ [ "C2", 3 ], [ "C4", 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->StructureDescription(Intersection(Syl2DG,x))));
[ [ "C2 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(FrSyl2DG,x))));
[ [ "C2", 5 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->StructureDescription(Intersection(FrSyl2DG,x))));
[ [ "C2 x C2", 2 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
2
gap> Number(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))=[16,2]);
2
(1-1-12) G = 12T 97 ≃ (((C4)2 ⋊ C3)⋊ C2)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,97);
[(1/2.2^2)^3]S_4(6c)_4
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,3)(2,12)(4,8)(5,9)(6,11)(7,10) ]
gap> H:=Stabilizer(G,1);
Group([ (8,9)(10,11), (2,3)(4,8,7,10,5,9,6,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 4 ], [ [ 0, 2 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 4 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
84
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 17 ], [ [ false ], 67 ] ]
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gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
67
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
17
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 6 ], [ "1", 1 ], [ "A4", 1 ], [ "C2", 5 ],
[ "C2 x ((C4 x C2) : C2)", 1 ], [ "C2 x A4", 1 ], [ "C2 x C2", 7 ],
[ "C2 x C2 x C2", 2 ], [ "C2 x D8", 2 ], [ "C2 x Q8", 1 ], [ "C2 x S4", 1 ],
[ "C3", 1 ], [ "C4", 6 ], [ "C4 x C2", 11 ], [ "C4 x C2 x C2", 2 ],
[ "C6", 1 ], [ "C8", 2 ], [ "C8 : C2", 1 ], [ "D12", 1 ], [ "D8", 7 ],
[ "Q8", 3 ], [ "S3", 2 ], [ "S4", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C4 x C4) : C3) : C2", 2 ], [ "(C4 x C4) : C2", 4 ],
[ "(C4 x C4) : C3", 1 ], [ "C2 x (((C4 x C4) : C3) : C2)", 1 ],
[ "C2 x ((C4 x C4) : C2)", 1 ], [ "C2 x ((C4 x C4) : C3)", 1 ],
[ "C2 x (C8 : C2)", 1 ], [ "C4 x C4", 2 ], [ "C4 x C4 x C2", 1 ],
[ "C8 : C2", 2 ], [ "C8 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C4 x C4", 2 ], [ "C8 : C2", 2 ], [ "C8 x C2", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 16, 2 ], 2 ], [ [ 16, 5 ], 1 ], [ [ 16, 6 ], 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
2
gap> Number(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))=[16,2]);
2
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,5]); # G(16,5)=C8xC2
1
gap> GcsHNPfalseM16:=Filtered(GcsHNPfalse, # G(16,6)=M16
> x->IdSmallGroup(Representative(x))=[16,6]);;
gap> Length(GcsHNPfalseM16);
1
gap> GcsHNPtrueM16:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,6]);;
gap> Length(GcsHNPtrueM16);
2
gap> Collected(List(List(GcsHNPfalseM16,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueM16,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 2 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,12)(2,3)(4,5)(6,7), (1,10,5)(2,8,6)(3,9,7)(4,12,11), (1,4,8)
(2,7,11)(3,6,10)(5,9,12) ])
gap> StructureDescription(DG);
"(C4 x C4) : C3"
gap> Collected(List(List(GcsHNPfalseM16,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C4", 1 ] ]
gap> Collected(List(List(GcsHNPtrueM16,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C4 x C2", 2 ] ]
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(1-1-13) G = 12T 122 ≃ ((C3)2 ⋊Q8)⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,122);
[(1/3.3^3):2]A(4)_4
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (2,3,4)(6,7,8)(10,11,12), (3,11)(4,8)(5,9)
(6,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 6 ], [ [ 3 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 6 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 3 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
20
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 4 ], [ [ false ], 16 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
16
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
4
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 1 ], [ "(C3 x C3) : C3", 1 ], [ "(C3 x C3) : C4", 1 ],
[ "(C3 x C3) : C6", 1 ], [ "1", 1 ], [ "C2", 1 ], [ "C3", 3 ],
[ "C3 x C3", 3 ], [ "C3 x S3", 1 ], [ "C4", 1 ], [ "C6", 1 ], [ "S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : Q8) : C3", 1 ], [ "(C3 x C3) : Q8", 1 ], [ "Q8", 1 ],
[ "SL(2,3)", 1 ] ]
(1-1-14) G = 12T 172 ≃ (C3)4 ⋊D4.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,172);
1/2[3^4:2^2]E(4)
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,10)(5,9)(7,11)(8,12), (3,7,11), (2,6,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 6 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
277
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 271 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
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gap> Length(GcsHNPfalse);
271
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 2 ],
[ "((C3 x C3) : C2) x S3", 8 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 1 ], [ "(C3 x C3 x C3) : C2", 14 ],
[ "(C3 x C3) : C2", 46 ], [ "(C3 x C3) : C4", 7 ], [ "1", 1 ], [ "C2", 3 ],
[ "C2 x ((C3 x C3) : C2)", 2 ], [ "C2 x C2", 2 ], [ "C3", 14 ],
[ "C3 x ((C3 x C3) : C2)", 8 ], [ "C3 x C3", 44 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 2 ], [ "C3 x C3 x C3", 14 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 8 ], [ "C3 x S3", 32 ],
[ "C4", 1 ], [ "C6", 8 ], [ "C6 x C3", 2 ], [ "D12", 8 ], [ "S3", 22 ],
[ "S3 x S3", 20 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3 x C3) : D8", 1 ], [ "(S3 x S3) : C2", 4 ], [ "D8", 1 ] ]
(1-1-15) G = 12T 174 ≃ (C3)4 ⋊Q8.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,174);
[3^4:2]E(4)_4
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,10)(5,9)(7,11)(8,12), (3,7,11), (2,6,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 3, 3, 3 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
157
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 151 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
151
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3 x C3) : C2", 1 ], [ "(C3 x C3 x C3 x C3) : C4", 3 ],
[ "(C3 x C3 x C3) : C2", 10 ], [ "(C3 x C3) : C2", 40 ],
[ "(C3 x C3) : C4", 21 ], [ "1", 1 ], [ "C2", 1 ], [ "C3", 10 ],
[ "C3 x C3", 40 ], [ "C3 x C3 x C3", 10 ], [ "C3 x C3 x C3 x C3", 1 ],
[ "C4", 3 ], [ "S3", 10 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3 x C3) : Q8", 1 ], [ "(C3 x C3) : Q8", 4 ], [ "Q8", 1 ] ]
(1-1-16) G = 12T 232 ≃ ((C3)4 ⋊Q8)⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,232);
[3^4:2]A(4)_4
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gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,8,7)(3,6,12)(4,11,10), (5,9)(6,10)(7,11)(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 6 ], [ [ 3 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 6 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 3 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
120
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 7 ], [ [ false ], 113 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
113
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
7
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : C3) : C2", 3 ],
[ "(C3 x ((C3 x C3 x C3) : C3)) : C2", 1 ],
[ "(C3 x ((C3 x C3) : C3)) : C2", 1 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 1 ], [ "(C3 x C3 x C3) : C2", 6 ],
[ "(C3 x C3 x C3) : C3", 6 ], [ "(C3 x C3) : C2", 16 ],
[ "(C3 x C3) : C3", 4 ], [ "(C3 x C3) : C4", 7 ], [ "(C3 x C3) : C6", 3 ],
[ "1", 1 ], [ "C2", 1 ], [ "C3", 8 ], [ "C3 x ((C3 x C3 x C3) : C3)", 1 ],
[ "C3 x ((C3 x C3) : C2)", 1 ], [ "C3 x ((C3 x C3) : C3)", 1 ],
[ "C3 x (C9 : C3)", 1 ], [ "C3 x C3", 21 ], [ "C3 x C3 x C3", 7 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x S3", 4 ], [ "C4", 1 ], [ "C6", 1 ],
[ "C9", 3 ], [ "C9 : C3", 5 ], [ "C9 x C3", 1 ], [ "S3", 6 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3 x C3) : Q8) : C3", 1 ], [ "((C3 x C3) : Q8) : C3", 1 ],
[ "(C3 x C3 x C3 x C3) : Q8", 1 ], [ "(C3 x C3) : Q8", 2 ], [ "Q8", 1 ],
[ "SL(2,3)", 1 ] ]
(1-1-17) G = 12T 246 ≃ (C3)4 ⋊ ((C2)3 ⋊ C4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,246);
1/2[S(3)^4]E(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (2,10)(4,8), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,7)(2,8,10,4)(3,9)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,10)(4,8), (7,11)(8,12), (3,11)(8,12), (5,9)
(8,12), (2,6,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2, 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 1 ], [ 0, 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 1 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=
> x->Number(FirstObstructionDr(G,x,H).Dr[2][2],y->(y[1]+y[2]) mod 2=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
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gap> Length(Gcs);
291
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 2 ], [ [ false ], 289 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
289
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 4 ],
[ "((C3 x C3) : C2) x S3", 5 ], [ "((C3 x C3) : C4) x S3", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 3 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 1 ], [ "(C3 x C3 x C3 x C3) : D8", 2 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 2 ], [ "(C3 x C3 x C3) : C2", 6 ],
[ "(C3 x C3 x C3) : C4", 2 ], [ "(C3 x C3) : ((C4 x C2) : C2)", 2 ],
[ "(C3 x C3) : (C4 x C2)", 2 ], [ "(C3 x C3) : C2", 20 ],
[ "(C3 x C3) : C4", 7 ], [ "(C4 x C2) : C2", 2 ], [ "(S3 x S3) : C2", 6 ],
[ "1", 1 ], [ "C12", 2 ], [ "C2", 5 ], [ "C2 x ((C3 x C3) : C2)", 4 ],
[ "C2 x ((C3 x C3) : C4)", 3 ], [ "C2 x ((S3 x S3) : C2)", 1 ],
[ "C2 x C2", 6 ], [ "C2 x C2 x C2", 2 ], [ "C2 x C2 x S3", 2 ],
[ "C2 x D8", 1 ], [ "C2 x S3 x S3", 5 ], [ "C3", 6 ], [ "C3 : C4", 2 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ],
[ "C3 x ((C3 x C3 x C3) : C4)", 2 ], [ "C3 x ((C3 x C3) : C2)", 9 ],
[ "C3 x ((C3 x C3) : C4)", 2 ], [ "C3 x (C3 : C4)", 2 ], [ "C3 x C3", 16 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 4 ], [ "C3 x C3 x C3", 6 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 9 ], [ "C3 x S3", 26 ],
[ "C3 x S3 x S3", 6 ], [ "C4", 3 ], [ "C4 x C2", 3 ], [ "C4 x S3", 2 ],
[ "C6", 9 ], [ "C6 x C2", 2 ], [ "C6 x C3", 4 ], [ "C6 x S3", 6 ],
[ "D12", 15 ], [ "D8", 2 ], [ "S3", 15 ], [ "S3 x ((C3 x C3) : C2)", 4 ],
[ "S3 x ((C3 x C3) : C4)", 1 ], [ "S3 x S3", 25 ], [ "S3 x S3 x S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2) : C4", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : C4)", 1 ] ]
gap> Number(List(GcsHNPfalse,Representative),x->Order(x) mod 32=0);
0
Example 7.2 (G = 12Tm (m = 2, 3, 4, 16, 18, 33, 43, 70, 71, 130, 132, 133, 176, 179, 234)).
(1-2-1) G = 12T 2 ≃ C6 × C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,2);
E(4)[x]C(3)=6x2
gap> H:=Stabilizer(G,1);
Group(())
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (1,2,3)(4,5,6)(7,8,9)(10,11,12), (1,4)(2,5)(3,6)
(7,10)(8,11)(9,12), (4,7)(5,8)(6,9) ]), Tid := [ 12, 14 ],
epi := [ (1,2,3)(4,5,6)(7,8,9)(10,11,12), (1,4)(2,5)(3,6)(7,10)(8,11)(9,12),
(4,7)(5,8)(6,9) ] -> [ (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11) ] )
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gap> tG:=ScG.SchurCover;
Group([ (1,2,3)(4,5,6)(7,8,9)(10,11,12), (1,4)(2,5)(3,6)(7,10)(8,11)
(9,12), (4,7)(5,8)(6,9) ])
gap> StructureDescription(tG);
"C3 x D8"
gap> tH:=PreImage(ScG.epi,H);
Group([ (1,10)(2,11)(3,12)(4,7)(5,8)(6,9) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
10
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 2 ], [ [ false ], 8 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
8
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 3 ], [ "C3", 1 ], [ "C6", 3 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "C6 x C2", 1 ] ]
(1-2-2) G = 12T 3 ≃ D6.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,3);
D_6(6)[x]2=1/2[3:2]E(4)
gap> H:=Stabilizer(G,1);
Group(())
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (5,6), (2,3)(4,5)(6,7), (1,2,3) ]),
epi := [ (5,6), (2,3)(4,5)(6,7), (1,2,3) ] ->
[ (1,12)(2,3)(4,5)(6,7)(8,9)(10,11), (1,11)(2,8)(3,9)(4,6)(5,7)(10,12),
(1,5,9)(2,6,10)(3,7,11)(4,8,12) ] )
gap> tG:=ScG.SchurCover;
Group([ (5,6), (2,3)(4,5)(6,7), (1,2,3) ])
gap> tH:=PreImage(ScG.epi,H);
Group([ (4,7)(5,6) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
10
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
44 A. HOSHI, K. KANAI, AND A. YAMASAKI
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 2 ], [ [ false ], 8 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
8
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 3 ], [ "C3", 1 ], [ "C6", 1 ], [ "S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "D12", 1 ] ]
(1-2-3) G = 12T 4 ≃ A4(12).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,4);
A_4(12)
gap> H:=Stabilizer(G,1);
Group(())
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (2,4,5)(3,7,8), (1,2,6,3)(4,5,7,8) ]),
Tid := [ 8, 12 ], epi := [ (2,4,5)(3,7,8), (1,2,6,3)(4,5,7,8) ] ->
[ (1,9,5)(2,4,3)(6,8,7)(10,12,11), (1,4)(2,11)(3,6)(5,8)(7,10)(9,12) ] )
gap> tG:=ScG.SchurCover;
Group([ (2,4,5)(3,7,8), (1,2,6,3)(4,5,7,8) ])
gap> StructureDescription(tG);
"SL(2,3)"
gap> tH:=PreImage(ScG.epi,H);
Group([ (1,6)(2,3)(4,7)(5,8) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
5
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 2 ], [ [ false ], 3 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
3
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 1 ], [ "C3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "C2 x C2", 1 ] ]
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(1-2-4) G = 12T 16 ≃ (S3)2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,16);
[3^2]E(4)
gap> H:=Stabilizer(G,1);
Group([ (2,10,6)(4,8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 3 ], [ [ 3 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 3 ], [ [ 3 ], [ [ 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (2,3)(7,8)(9,10), (1,2)(3,4)(5,6)(7,9)
(8,10), (6,7,8) ]),
epi := [ (2,3)(7,8)(9,10), (1,2)(3,4)(5,6)(7,9)(8,10), (6,7,8) ] ->
[ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(2,10,6)(4,8,12) ] )
gap> tG:=ScG.SchurCover;
Group([ (2,3)(7,8)(9,10), (1,2)(3,4)(5,6)(7,9)(8,10), (6,7,8) ])
gap> StructureDescription(tG);
"(C6 x S3) : C2"
gap> tH:=PreImage(ScG.epi,H);
Group([ (6,7,8), (1,4)(2,3) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 6 ], [ [ 6 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 3 ], [ [ 6 ], [ [ 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Product(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]) mod 2=0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
22
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 4 ], [ [ false ], 18 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
18
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
4
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 1 ], [ "1", 1 ], [ "C2", 3 ], [ "C3", 3 ],
[ "C3 x C3", 1 ], [ "C3 x S3", 2 ], [ "C6", 2 ], [ "S3", 5 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "D12", 2 ], [ "S3 x S3", 1 ] ]
(1-2-5) G = 12T 18 ≃ S3 × C6.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,18);
[3^2]E(4)
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(4,8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 3 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
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[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (2,5)(6,9)(7,10), (1,2)(3,6)(4,7)(5,8)(9,11)
(10,12), (2,6,7)(5,9,10), (1,3,4)(2,7,6)(5,10,9)(8,11,12) ]),
Tid := [ 12, 42 ],
epi := [ (2,5)(6,9)(7,10), (1,2)(3,6)(4,7)(5,8)(9,11)(10,12),
(2,6,7)(5,9,10), (1,3,4)(2,7,6)(5,10,9)(8,11,12) ] ->
[ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(2,6,10)(4,8,12), (1,5,9)(2,10,6)(3,7,11)(4,12,8) ] )
gap> tG:=ScG.SchurCover;
Group([ (2,5)(6,9)(7,10), (1,2)(3,6)(4,7)(5,8)(9,11)(10,12), (2,6,7)
(5,9,10), (1,3,4)(2,7,6)(5,10,9)(8,11,12) ])
gap> StructureDescription(tG);
"C3 x ((C6 x C2) : C2)"
gap> tH:=PreImage(ScG.epi,H);
Group([ (2,6,7)(5,9,10), (1,8)(2,5)(3,11)(4,12)(6,9)(7,10) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 2 ], [ [ 6 ], [ [ 3 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ ], [ [ 6 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
22
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 4 ], [ [ false ], 18 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
18
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
4
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 3 ], [ "C3", 3 ], [ "C3 x C3", 1 ], [ "C3 x S3", 2 ],
[ "C6", 5 ], [ "C6 x C3", 1 ], [ "S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "C6 x C2", 1 ], [ "C6 x S3", 1 ], [ "D12", 1 ] ]
(1-2-6) G = 12T 33 ≃ A5(12).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,33);
A_5(12)
gap> H:=Stabilizer(G,1);
Group([ (2,7,5,8,11)(3,6,4,9,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 5 ], [ [ 5 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 5 ], [ [ 5 ], [ [ 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (1,4,10,7)(2,5,11,8)(3,6,12,9)(13,18,17,15)
(14,19,16,20)(21,24,23,22), (1,2,3)(4,13,15)(5,9,16)(6,14,8)(7,17,18)
(10,11,12)(19,21,22)(20,23,24) ]), Tid := [ 24, 201 ],
epi := [ (1,4,10,7)(2,5,11,8)(3,6,12,9)(13,18,17,15)(14,19,16,20)(21,24,23,
22), (1,2,3)(4,13,15)(5,9,16)(6,14,8)(7,17,18)(10,11,12)(19,21,22)(20,
23,24) ] -> [ (1,12)(2,4)(3,5)(6,7)(8,10)(9,11),
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(1,7,8)(2,11,4)(3,10,5)(6,9,12) ] )
gap> tG:=ScG.SchurCover;
Group([ (1,4,10,7)(2,5,11,8)(3,6,12,9)(13,18,17,15)(14,19,16,20)
(21,24,23,22), (1,2,3)(4,13,15)(5,9,16)(6,14,8)(7,17,18)(10,11,12)(19,21,22)
(20,23,24) ])
gap> tH:=PreImage(ScG.epi,H);
Group([ (1,20,24,12,17)(3,13,10,19,22)(4,15,9,23,14)(6,21,16,7,18), (1,10)
(2,11)(3,12)(4,7)(5,8)(6,9)(13,17)(14,16)(15,18)(19,20)(21,23)(22,24) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 10 ], [ [ 10 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 5 ], [ [ 10 ], [ [ 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Product(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]) mod 2=0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
9
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 3 ], [ [ false ], 6 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
6
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
3
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 1 ], [ "C3", 1 ], [ "C5", 1 ], [ "D10", 1 ],
[ "S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "A5", 1 ], [ "C2 x C2", 1 ] ]
(1-2-7) G = 12T 43 ≃ A4(4)× S3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,43);
A(4)[x]S(3)
gap> GeneratorsOfGroup(G);
[ (2,8,11)(3,6,12)(4,7,10), (1,7,10)(2,5,11)(3,6,9),
(1,5,9)(2,6,10)(3,7,11)(4,8,12), (1,5)(2,10)(4,8)(7,11) ]
gap> H:=Stabilizer(G,1);
Group([ (2,8,11)(3,6,12)(4,7,10), (2,6)(3,11)(5,9)(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 6 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := <permutation group of size 144 with 4 generators>,
Tid := [ 24, 249 ],
epi := [ (2,3)(6,8)(7,9)(15,20)(16,21)(17,22)(18,23)(19,24),
(1,2,3)(4,6,8)(5,7,9)(10,15,20)(11,16,21)(12,17,22)(13,18,23)(14,19,24),
(4,10,11)(5,13,14)(6,15,16)(7,18,19)(8,20,21)(9,23,24),
(1,4,12,5)(2,6,17,7)(3,8,22,9)(10,11,13,14)(15,16,18,19)(20,21,23,24)
] -> [ (2,6)(3,11)(5,9)(8,12), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(2,8,11)(3,6,12)(4,7,10), (1,4)(2,11)(3,6)(5,8)(7,10)(9,12) ] )
gap> tG:=ScG.SchurCover;
<permutation group of size 144 with 4 generators>
gap> StructureDescription(tG);
"SL(2,3) x S3"
48 A. HOSHI, K. KANAI, AND A. YAMASAKI
gap> tH:=PreImage(ScG.epi,H);
Group([ (2,3)(6,8)(7,9)(15,20)(16,21)(17,22)(18,23)(19,24), (4,10,11)(5,13,14)
(6,15,16)(7,18,19)(8,20,21)(9,23,24), (1,12)(2,17)(3,22)(4,5)(6,7)(8,9)(10,13)
(11,14)(15,18)(16,19)(20,23)(21,24) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 2 ], [ [ 2, 6 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ ], [ [ 2, 6 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
26
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 11 ], [ [ false ], 15 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
15
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
11
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 3 ], [ "C2 x C2", 1 ], [ "C3", 3 ], [ "C3 x C3", 1 ],
[ "C3 x S3", 1 ], [ "C6", 2 ], [ "D12", 1 ], [ "S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 2 ], [ "A4 x S3", 1 ], [ "C2 x A4", 1 ], [ "C2 x C2", 2 ],
[ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 1 ], [ "C3 x A4", 1 ],
[ "C6 x C2", 1 ], [ "D12", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
1
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,Order);
[ 72, 24, 36, 12, 12, 6, 3, 4, 1 ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 2, 2, 2, 2, 1, 2, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 2, 2, 2, 1, 1, 2, 1 ], 1 ],
[ [ 4, 4, 4, 4, 4, 1, 1, 4, 1 ], 1 ] ]
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 49
gap> S3:=ChG[6];
Group([ (2,6)(3,11)(5,9)(8,12), (1,9,5)(2,10,6)(3,11,7)(4,12,8) ])
gap> StructureDescription(S3);
"S3"
gap> List(List(GcsHNPfalseC2xC2,Representative),x->Intersection(S3,x));
[ Group([ (2,6)(3,11)(5,9)(8,12) ]) ]
gap> List(List(GcsHNPtrueC2xC2,Representative),x->Intersection(S3,x));
[ Group(()), Group(()) ]
(1-2-8) G = 12T 70 ≃ (S3)2 × C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,70);
1/2[3^3:2]E(4)
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (3,11,7)(4,8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 3 ], [ [ 3, 3 ], [ [ 1, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 3 ], [ [ 3, 3 ], [ [ 1, 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (1,2)(5,6)(7,8)(9,15)(10,16)(11,13)(12,14), (1,3)
(2,4)(5,7)(6,8)(9,13)(10,14)(11,15)(12,16), (6,9,10)(8,13,14), (7,11,12)
(8,14,13) ]),
epi := [ (1,2)(5,6)(7,8)(9,15)(10,16)(11,13)(12,14),
(1,3)(2,4)(5,7)(6,8)(9,13)(10,14)(11,15)(12,16), (6,9,10)(8,13,14),
(7,11,12)(8,14,13) ] -> [ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12),
(1,2)(3,12)(4,11)(5,10)(6,9)(7,8), (3,7,11)(4,12,8), (2,10,6)(4,8,12) ]
)
gap> tG:=ScG.SchurCover;
Group([ (1,2)(5,6)(7,8)(9,15)(10,16)(11,13)(12,14), (1,3)(2,4)(5,7)(6,8)(9,13)
(10,14)(11,15)(12,16), (6,9,10)(8,13,14), (7,11,12)(8,14,13) ])
gap> StructureDescription(tG);
"C3 x ((C6 x S3) : C2)"
gap> tH:=PreImage(ScG.epi,H);
Group([ (7,12,11)(8,13,14), (6,9,10)(7,12,11)(8,14,13), (1,2)(3,4) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 6 ], [ [ 3, 6 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 3 ], [ [ 3, 6 ], [ [ 0, 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Product(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]) mod 2=0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
54
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 8 ], [ [ false ], 46 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
46
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
8
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 1 ], [ "1", 1 ], [ "C2", 3 ], [ "C3", 7 ],
[ "C3 x ((C3 x C3) : C2)", 1 ], [ "C3 x C3", 7 ], [ "C3 x C3 x C3", 1 ],
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[ "C3 x C3 x S3", 2 ], [ "C3 x S3", 9 ], [ "C6", 7 ], [ "C6 x C3", 2 ],
[ "S3", 5 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "C3 x S3 x S3", 1 ], [ "C6 x C2", 1 ], [ "C6 x S3", 2 ],
[ "D12", 2 ], [ "S3 x S3", 1 ] ]
(1-2-9) G = 12T 71 ≃ (C3)3 ⋊ V4.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,71);
[3^3]E(4)
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (3,7,11)(4,12,8) ])
gap> FirstObstructionN(G,H).ker;
[ [ 3, 3 ], [ [ 3, 3 ], [ [ 1, 0 ], [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 3, 3 ], [ [ 3, 3 ], [ [ 1, 0 ], [ 0, 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (1,2)(5,6)(7,8)(9,15)(10,16)(11,14)(12,13), (1,3)
(2,4)(5,7)(6,8)(9,14)(10,13)(11,15)(12,16), (7,11,12)(8,13,14), (6,9,10)
(8,13,14) ]),
epi := [ (1,2)(5,6)(7,8)(9,15)(10,16)(11,14)(12,13),
(1,3)(2,4)(5,7)(6,8)(9,14)(10,13)(11,15)(12,16), (7,11,12)(8,13,14),
(6,9,10)(8,13,14) ] -> [ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12),
(1,10)(2,5)(3,12)(4,7)(6,9)(8,11), (2,6,10)(4,12,8), (3,7,11)(4,12,8) ]
)
gap> tG:=ScG.SchurCover;
Group([ (1,2)(5,6)(7,8)(9,15)(10,16)(11,14)(12,13), (1,3)(2,4)(5,7)(6,8)(9,14)
(10,13)(11,15)(12,16), (7,11,12)(8,13,14), (6,9,10)(8,13,14) ])
gap> StructureDescription(tG);
"(C3 x C3 x C3) : D8"
gap> tH:=PreImage(ScG.epi,H);
Group([ (7,12,11)(8,14,13), (6,9,10)(7,11,12)(8,14,13), (1,2)(3,4) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 3, 6 ], [ [ 3, 6 ], [ [ 1, 0 ], [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 3, 3 ], [ [ 3, 6 ], [ [ 1, 0 ], [ 0, 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Number(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[2][2],
> y->y[2] mod 2=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
54
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 8 ], [ [ false ], 46 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
46
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
8
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 3 ], [ "1", 1 ], [ "C2", 3 ], [ "C3", 7 ],
[ "C3 x ((C3 x C3) : C2)", 3 ], [ "C3 x C3", 7 ], [ "C3 x C3 x C3", 1 ],
[ "C3 x S3", 9 ], [ "C6", 3 ], [ "S3", 9 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 51
[ [ "(C3 x C3 x C3) : (C2 x C2)", 1 ], [ "C2 x C2", 1 ], [ "D12", 3 ],
[ "S3 x S3", 3 ] ]
(1-2-10) G = 12T 130 ≃ (C3)4 ⋊ V4 ≃ C3 ≀ V4.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,130);
[3^4]E(4)=3wrE(4)
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (3,11,7), (2,10,6) ])
gap> FirstObstructionN(G,H).ker;
[ [ 3, 3 ], [ [ 3, 3, 3 ], [ [ 1, 0, 1 ], [ 0, 1, 2 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 3, 3 ], [ [ 3, 3, 3 ], [ [ 1, 0, 1 ], [ 0, 1, 2 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (1,2)(3,6)(4,9)(5,10)(7,11)(8,12)(13,14)(15,18)
(16,21)(17,22)(19,23)(20,24), (2,3)(4,8)(5,7)(9,10)(11,12)(14,15)(16,19)
(17,20), (2,4,5)(3,7,8)(14,16,17)(15,19,20) ]),
epi := [ (1,2)(3,6)(4,9)(5,10)(7,11)(8,12)(13,14)(15,18)(16,21)(17,22)(19,
23)(20,24), (2,3)(4,8)(5,7)(9,10)(11,12)(14,15)(16,19)(17,20),
(2,4,5)(3,7,8)(14,16,17)(15,19,20) ] ->
[ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(4,8,12) ] )
gap> tG:=ScG.SchurCover;
Group([ (1,2)(3,6)(4,9)(5,10)(7,11)(8,12)(13,14)(15,18)(16,21)(17,22)(19,23)
(20,24), (2,3)(4,8)(5,7)(9,10)(11,12)(14,15)(16,19)(17,20), (2,4,5)(3,7,8)
(14,16,17)(15,19,20) ])
gap> StructureDescription(tG);
"C3 x ((C3 x C3 x C3) : D8)"
gap> tH:=PreImage(ScG.epi,H);
<permutation group of size 54 with 4 generators>
gap> FirstObstructionN(tG,tH).ker;
[ [ 3, 6 ], [ [ 3, 3, 6 ], [ [ 1, 0, 0 ], [ 0, 1, 2 ], [ 0, 0, 3 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 3, 3 ], [ [ 3, 3, 6 ], [ [ 1, 0, 0 ], [ 0, 1, 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Product(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]) mod 2=0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
174
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 16 ], [ [ false ], 158 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
158
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
16
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 3 ], [ "1", 1 ], [ "C2", 3 ], [ "C3", 16 ],
[ "C3 x ((C3 x C3) : C2)", 9 ], [ "C3 x C3", 46 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 3 ], [ "C3 x C3 x C3", 16 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 9 ], [ "C3 x S3", 30 ],
[ "C6", 9 ], [ "C6 x C3", 3 ], [ "S3", 9 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3) : (C2 x C2)", 1 ], [ "C2 x C2", 1 ],
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[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 1 ], [ "C3 x S3 x S3", 3 ],
[ "C6 x C2", 1 ], [ "C6 x S3", 3 ], [ "D12", 3 ], [ "S3 x S3", 3 ] ]
(1-2-11) G = 12T 132 ≃ ((C3)3 ⋊ V4)⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,132);
1/3[3^4]A(4)
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (3,7,11)(4,12,8), (2,8,3,10,4,11,6,12,7) ])
gap> FirstObstructionN(G,H).ker;
[ [ 3 ], [ [ 3, 3 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 3 ], [ [ 3, 3 ], [ [ 0, 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (2,3,5)(6,8,7)(9,16,18,11,15,20,10,17,19)
(12,13,14), (1,7,4,5)(2,3,6,8)(9,20)(10,18)(11,19)(12,17)(13,15)
(14,16), (15,16,17)(18,20,19) ]),
epi := [ (2,3,5)(6,8,7)(9,16,18,11,15,20,10,17,19)(12,13,14),
(1,7,4,5)(2,3,6,8)(9,20)(10,18)(11,19)(12,17)(13,15)(14,16),
(15,16,17)(18,20,19) ] ->
[ (1,4,11,5,8,3,9,12,7), (1,7)(2,12)(3,9)(4,6)(5,11)(8,10),
(3,7,11)(4,12,8) ] )
gap> tG:=ScG.SchurCover;
Group([ (2,3,5)(6,8,7)(9,16,18,11,15,20,10,17,19)(12,13,14), (1,7,4,5)
(2,3,6,8)(9,20)(10,18)(11,19)(12,17)(13,15)(14,16), (15,16,17)(18,20,19) ])
gap> StructureDescription(tG);
"((C3 x C3 x C3) : Q8) : C3"
gap> tH:=PreImage(ScG.epi,H);
Group([ (12,14,13)(15,17,16)(18,20,19), (1,4)(2,6)(3,8)(5,7)(15,16,17)
(18,20,19), (1,5,2,4,7,6)(3,8)(9,11,10)(12,17,20,13,15,18,14,16,19) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 6 ], [ [ 3, 6 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 3 ], [ [ 3, 6 ], [ [ 0, 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Product(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]) mod 2=0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
32
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 26 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
26
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3) : C3", 1 ], [ "(C3 x C3) : C2", 1 ],
[ "(C3 x C3) : C3", 1 ], [ "1", 1 ], [ "C2", 1 ], [ "C3", 4 ],
[ "C3 x ((C3 x C3) : C2)", 1 ], [ "C3 x C3", 4 ], [ "C3 x C3 x C3", 1 ],
[ "C3 x S3", 3 ], [ "C6", 1 ], [ "C9", 2 ], [ "C9 : C3", 2 ], [ "S3", 3 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : (C2 x C2)) : C3", 1 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 1 ], [ "A4", 1 ], [ "C2 x C2", 1 ],
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[ "D12", 1 ], [ "S3 x S3", 1 ] ]
(1-2-12) G = 12T 133 ≃ (C3)3 ⋊A4(4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,133);
[3^3]A(4)
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (2,8,11)(3,6,12)(4,7,10), (3,7,11)
(4,12,8) ])
gap> FirstObstructionN(G,H).ker;
[ [ 3 ], [ [ 3, 3 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 3 ], [ [ 3, 3 ], [ [ 1, 0 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (2,4,5)(3,7,8)(10,11,12)(13,16,17)(14,15,18), (1,2,
6,3)(4,5,7,8)(9,10)(11,12)(13,16)(14,15)(17,19)(18,20), (11,13,14)
(12,15,16) ]),
epi := [ (2,4,5)(3,7,8)(10,11,12)(13,16,17)(14,15,18),
(1,2,6,3)(4,5,7,8)(9,10)(11,12)(13,16)(14,15)(17,19)(18,20),
(11,13,14)(12,15,16) ] ->
[ (1,7,4)(3,12,9)(5,11,8), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(3,11,7)(4,8,12) ] )
gap> tG:=ScG.SchurCover;
Group([ (2,4,5)(3,7,8)(10,11,12)(13,16,17)(14,15,18), (1,2,6,3)(4,5,7,8)(9,10)
(11,12)(13,16)(14,15)(17,19)(18,20), (11,13,14)(12,15,16) ])
gap> StructureDescription(tG);
"((C3 x C3 x C3) : Q8) : C3"
gap> tH:=PreImage(ScG.epi,H);
Group([ (11,14,13)(12,16,15), (1,8,4)(5,7,6)(9,12,11)(13,19,16)
(14,20,15), (9,20,19)(11,14,13)(12,15,16), (1,6)(2,3)(4,7)(5,8) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 6 ], [ [ 3, 6 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 3 ], [ [ 3, 6 ], [ [ 0, 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Product(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]) mod 2=0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
32
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 26 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
26
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3) : C3", 1 ], [ "(C3 x C3) : C2", 1 ],
[ "(C3 x C3) : C3", 1 ], [ "1", 1 ], [ "C2", 1 ], [ "C3", 4 ],
[ "C3 x ((C3 x C3) : C2)", 1 ], [ "C3 x C3", 4 ], [ "C3 x C3 x C3", 1 ],
[ "C3 x S3", 3 ], [ "C6", 1 ], [ "C9", 2 ], [ "C9 : C3", 2 ], [ "S3", 3 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : (C2 x C2)) : C3", 1 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 1 ], [ "A4", 1 ], [ "C2 x C2", 1 ],
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[ "D12", 1 ], [ "S3 x S3", 1 ] ]
(1-2-13) G = 12T 176 ≃ ((C3)3 ⋊ C2)⋊A4(4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,176);
[3^3:2]A(4)
gap> GeneratorsOfGroup(G);
[ (2,6,10)(3,7,11)(4,8,12), (1,5)(2,10)(4,8)(7,11), (2,8,11)(3,6,12)(4,7,10),
(1,7,10)(2,5,11)(3,6,9) ]
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (2,8,11)(3,6,12)(4,7,10), (3,11)(4,12)(5,9)
(6,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 6 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (2,4,5)(3,7,8)(9,10,11)(13,14,18)(15,19,20), (1,2,
6,3)(4,5,7,8)(9,12)(10,11)(13,14)(15,20)(16,19)(17,18), (10,13)(11,14)
(12,16)(18,19), (11,15,14)(12,17,16) ]),
epi := [ (2,4,5)(3,7,8)(9,10,11)(13,14,18)(15,19,20),
(1,2,6,3)(4,5,7,8)(9,12)(10,11)(13,14)(15,20)(16,19)(17,18),
(10,13)(11,14)(12,16)(18,19), (11,15,14)(12,17,16) ] ->
[ (1,7,4)(3,12,9)(5,11,8), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(4,8)(5,9)(6,10)(7,11), (2,6,10)(4,12,8) ] )
gap> tG:=ScG.SchurCover;
Group([ (2,4,5)(3,7,8)(9,10,11)(13,14,18)(15,19,20), (1,2,6,3)(4,5,7,8)(9,12)
(10,11)(13,14)(15,20)(16,19)(17,18), (10,13)(11,14)(12,16)(18,19), (11,15,14)
(12,17,16) ])
gap> StructureDescription(tG);
"((C3 x C3 x C3) : (C2 x Q8)) : C3"
gap> tH:=PreImage(ScG.epi,H);
Group([ (10,13,20)(11,14,15)(12,17,16), (1,8,4)(5,7,6)(10,12,11)(13,17,14)
(15,20,16), (11,15)(12,16)(13,20)(18,19), (1,6)(2,3)(4,7)(5,8) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 2 ], [ [ 2, 6 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ ], [ [ 2, 6 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
76
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 20 ], [ [ false ], 56 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
56
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
20
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : C3) : C2", 1 ], [ "((C3 x C3) : C2) x S3", 1 ],
[ "(C3 x C3 x C3) : C2", 1 ], [ "(C3 x C3 x C3) : C3", 1 ],
[ "(C3 x C3) : C2", 4 ], [ "(C3 x C3) : C3", 1 ], [ "(C3 x C3) : C6", 1 ],
[ "1", 1 ], [ "C2", 3 ], [ "C2 x ((C3 x C3) : C2)", 1 ], [ "C2 x C2", 1 ],
[ "C3", 4 ], [ "C3 x ((C3 x C3) : C2)", 1 ], [ "C3 x C3", 4 ],
[ "C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 1 ], [ "C3 x S3", 7 ],
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[ "C6", 5 ], [ "C6 x C3", 1 ], [ "C9", 1 ], [ "C9 : C3", 1 ], [ "D12", 4 ],
[ "S3", 7 ], [ "S3 x S3", 3 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(((C3 x C3 x C3) : (C2 x C2)) : C3) : C2", 1 ],
[ "((C3 x C3 x C3) : (C2 x C2)) : C3", 1 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 1 ], [ "A4", 1 ], [ "C2 x A4", 1 ],
[ "C2 x C2", 2 ], [ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 1 ],
[ "C2 x S3 x S3", 1 ], [ "C3 x S3 x S3", 1 ], [ "C6 x C2", 1 ],
[ "C6 x S3", 2 ], [ "D12", 3 ], [ "S3 x S3", 2 ], [ "S3 x S3 x S3", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
1
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,Order);
[ 648, 324, 216, 54, 108, 27, 1 ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 2, 2, 1, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 1, 2, 1, 1 ], 1 ],
[ [ 4, 4, 4, 1, 4, 1, 1 ], 1 ] ]
gap> DihE27:=ChG[4];
Group([ (4,8)(5,9)(6,10)(7,11), (3,11,7)(4,8,12), (1,5,9)(3,11,7), (2,6,10)
(3,7,11)(4,8,12) ])
gap> StructureDescription(DihE27);
"(C3 x C3 x C3) : C2"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DihE27,x))));
[ [ "C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DihE27,x))));
[ [ "1", 2 ] ]
(1-2-14) G = 12T 179 ≃ PSL2(F11).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,179);
L(2,11)
gap> H:=Stabilizer(G,1);
Group([ (2,3,6,7,11)(4,12,9,5,10), (2,10,12,8,11)(3,5,7,6,4) ])
gap> FirstObstructionN(G,H).ker;
[ [ 5 ], [ [ 5 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 5 ], [ [ 5 ], [ [ 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
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[ 2 ]
gap> ScG:=SchurCoverG(G);
rec( SchurCover := Group([ (1,4,23,22)(2,14,12,9)(3,10,24,8)(5,21,17,7)
(6,13,11,18)(15,16,19,20), (1,3,2)(4,10,20)(5,11,21)(6,7,17)(8,16,22)
(9,18,15)(12,23,24)(13,19,14) ]), Tid := [ 24, 2947 ],
epi := [ (1,4,23,22)(2,14,12,9)(3,10,24,8)(5,21,17,7)(6,13,11,18)(15,16,19,
20), (1,3,2)(4,10,20)(5,11,21)(6,7,17)(8,16,22)(9,18,15)(12,23,24)(13,
19,14) ] -> [ (1,5)(2,12)(3,7)(4,11)(6,8)(9,10),
(1,11,2)(3,7,12)(4,9,6)(5,10,8) ] )
gap> tG:=ScG.SchurCover;
Group([ (1,4,23,22)(2,14,12,9)(3,10,24,8)(5,21,17,7)(6,13,11,18)
(15,16,19,20), (1,3,2)(4,10,20)(5,11,21)(6,7,17)(8,16,22)(9,18,15)(12,23,24)
(13,19,14) ])
gap> StructureDescription(tG);
"SL(2,11)"
gap> tH:=PreImage(ScG.epi,H);
Group([ (2,20,24,7,17)(3,21,5,12,16)(4,10,18,11,14)(6,9,22,8,13), (1,20,6,7,
17,24,22,13,8,2,9)(3,4,18,10,12,14,23,16,11,21,5), (1,23)(2,12)(3,24)(4,22)
(5,17)(6,11)(7,21)(8,10)(9,14)(13,18)(15,19)(16,20) ])
gap> FirstObstructionN(tG,tH).ker;
[ [ 10 ], [ [ 10 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ 5 ], [ [ 10 ], [ [ 2 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Product(FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]) mod 2=0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
16
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 10 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
10
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C11", 1 ], [ "C11 : C5", 1 ], [ "C2", 1 ], [ "C3", 1 ],
[ "C5", 1 ], [ "C6", 1 ], [ "D10", 1 ], [ "S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "A5", 2 ], [ "C2 x C2", 1 ], [ "D12", 1 ],
[ "PSL(2,11)", 1 ] ]
(1-2-15) G = 12T 234 ≃ ((C3)4 ⋊ C2)⋊A4(4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,234);
[3^4:2]A(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (1,5)(2,10)(4,8)(7,11), (2,8,11)(3,6,12)(4,7,10),
(1,7,10)(2,5,11)(3,6,9) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,8,11)(3,6,12)(4,7,10), (5,9)(6,10)(7,11)(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 6 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2 ]
gap> ScG:=SchurCoverG(G);
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rec( SchurCover := <permutation group of size 3888 with 6 generators>,
epi := [ (2,5,6)(3,9,10)(8,12,13)(11,15,16)(17,18,19)(20,24,25)(21,23,26),
(1,2,7,3)(4,8,14,11)(5,6,9,10)(12,13,15,16)(17,18)(19,22)(20,25)(21,
26)(23,28)(24,27), (1,4)(2,8)(3,11)(5,12)(6,13)(7,14)(9,15)(10,16)(18,
20)(19,23)(25,26)(27,28), (22,27,28), (19,24,23)(22,27,28),
(18,20,21)(19,24,23)(22,27,28) ] ->
[ (1,10,7)(2,11,5)(3,9,6), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(5,9)(6,10)(7,11)(8,12), (4,12,8), (3,11,7)(4,12,8),
(2,10,6)(3,11,7)(4,12,8) ] )
gap> tG:=ScG.SchurCover;
<permutation group of size 3888 with 6 generators>
gap> StructureDescription(tG);
"((C3 x C3 x C3 x C3) : (C2 x Q8)) : C3"
gap> tH:=PreImage(ScG.epi,H);
<permutation group of size 324 with 4 generators>
gap> FirstObstructionN(tG,tH).ker;
[ [ 2 ], [ [ 2, 6 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(tG,tH).Dnr;
[ [ ], [ [ 2, 6 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(tG,PreImage(ScG.epi,x),tH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
236
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 42 ], [ [ false ], 194 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
194
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
42
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : C3) : C2", 3 ],
[ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 1 ],
[ "((C3 x C3) : C2) x S3", 6 ], [ "(C3 x ((C3 x C3 x C3) : C3)) : C2", 1 ],
[ "(C3 x ((C3 x C3) : C3)) : C2", 1 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3) : C2", 8 ], [ "(C3 x C3 x C3) : C3", 6 ],
[ "(C3 x C3) : C2", 20 ], [ "(C3 x C3) : C3", 4 ], [ "(C3 x C3) : C6", 3 ],
[ "1", 1 ], [ "C2", 3 ], [ "C2 x ((C3 x C3) : C2)", 2 ], [ "C2 x C2", 1 ],
[ "C3", 10 ], [ "C3 x ((C3 x C3 x C3) : C3)", 1 ],
[ "C3 x ((C3 x C3) : C2)", 7 ], [ "C3 x ((C3 x C3) : C3)", 1 ],
[ "C3 x (C9 : C3)", 1 ], [ "C3 x C3", 23 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 2 ], [ "C3 x C3 x C3", 9 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 6 ], [ "C3 x S3", 24 ],
[ "C6", 7 ], [ "C6 x C3", 2 ], [ "C9", 3 ], [ "C9 : C3", 5 ],
[ "C9 x C3", 1 ], [ "D12", 6 ], [ "S3", 14 ], [ "S3 x S3", 10 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : (C2 x C2)) : C3", 2 ],
[ "(C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 1 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 2 ], [ "(S3 x S3 x S3) : C3", 1 ],
[ "A4", 2 ], [ "A4 x S3", 1 ], [ "C2 x A4", 1 ], [ "C2 x C2", 2 ],
[ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 2 ], [ "C2 x S3 x S3", 2 ],
[ "C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 1 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ], [ "C3 x A4", 1 ],
[ "C3 x S3 x S3", 4 ], [ "C6 x C2", 2 ], [ "C6 x S3", 4 ], [ "D12", 4 ],
[ "S3 x S3", 4 ], [ "S3 x S3 x S3", 2 ] ]
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gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
1
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,Order);
[ 1944, 972, 648, 162, 324, 324, 108, 81, 3, 27, 1 ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 2, 2, 2, 2, 1, 1, 1, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 1, 2, 2, 2, 1, 1, 1, 1 ], 1 ],
[ [ 4, 4, 4, 1, 4, 4, 4, 1, 1, 1, 1 ], 1 ] ]
gap> DihE81:=ChG[4];
Group([ (5,9)(6,10)(7,11)(8,12), (1,5,9), (2,6,10), (3,7,11), (4,8,12) ])
gap> StructureDescription(DihE81);
"(C3 x C3 x C3 x C3) : C2"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DihE81,x))));
[ [ "C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DihE81,x))));
[ [ "1", 2 ] ]
Example 7.3 (G = 12Tm (m = 20, 40, 117, 168, 171, 194, 261, 280)).
(1-3-1) G = 12T 20 ≃ A4(4)× C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,20);
A(4)[x]C(3)
gap> H:=Stabilizer(G,1);
Group([ (2,8,11)(3,6,12)(4,7,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 3 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 3 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2 ][ ]
[ 3 ][ 3 ]
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gap> cG:=cGs[1];
rec( MinimalStemExtension := <permutation group of size 72 with 5 generators>,
epi := [ (1,6,18)(2,11,29)(3,14,33)(4,16,35)(5,17,36)(7,22,43)(8,25,47)(9,
27,49)(10,28,50)(12,31,52)(13,32,53)(15,34,54)(19,39,58)(20,41,60)(21,
42,61)(23,45,63)(24,46,64)(26,48,65)(30,51,66)(37,56,68)(38,57,69)(40,
59,70)(44,62,71)(55,67,72), (1,2,7)(3,23,20)(4,8,37)(5,10,21)(6,11,
22)(9,19,12)(13,44,40)(14,45,41)(15,24,55)(16,25,56)(17,28,42)(18,29,
43)(26,38,30)(27,39,31)(32,62,59)(33,63,60)(34,46,67)(35,47,68)(36,50,
61)(48,57,51)(49,58,52)(53,71,70)(54,64,72)(65,69,66),
(1,12,5,30)(2,23,10,44)(3,15,13,4)(6,31,17,51)(7,37,21,55)(8,26,24,
9)(11,45,28,62)(14,34,32,16)(18,52,36,66)(19,40,38,20)(22,56,42,
67)(25,48,46,27)(29,63,50,71)(33,54,53,35)(39,59,57,41)(43,68,61,
72)(47,65,64,49)(58,70,69,60) ] -> [ (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(2,8,11)(3,6,12)(4,7,10), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11) ] )
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 72 with 5 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 6 with 2 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 3 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 6 ], [ [ 3 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 6 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
14
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 8 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
8
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 1 ], [ "C3", 4 ], [ "C3 x C3", 1 ], [ "C6", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "A4", 3 ], [ "C2 x C2", 1 ], [ "C3 x A4", 1 ], [ "C6 x C2", 1 ] ]
(2-3-2) G = 12T 40 ≃ ((C3)2 ⋊ C4)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,40);
F_36(6)[x]2
gap> H:=Stabilizer(G,1);
Group([ (2,10)(3,11)(4,8)(5,9), (2,6,10)(3,7,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 2 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 3 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
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> Print("\n");
> od;
[ 3 ][ 3 ]
[ 2 ][ ]
gap> cG:=cGs[2];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 144 with 6 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 12 with 3 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 6 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
26
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 2 ], [ [ false ], 24 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
24
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 2 ], [ "(C3 x C3) : C4", 2 ], [ "1", 1 ], [ "C2", 3 ],
[ "C2 x ((C3 x C3) : C2)", 1 ], [ "C2 x C2", 1 ], [ "C3", 2 ],
[ "C3 x C3", 1 ], [ "C4", 2 ], [ "C6", 2 ], [ "C6 x C3", 1 ], [ "D12", 2 ],
[ "S3", 4 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x ((C3 x C3) : C4)", 1 ], [ "C4 x C2", 1 ] ]
(1-3-3) G = 12T 117 ≃ (S3)3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,117);
[3^3:2]E(4)
gap> GeneratorsOfGroup(G);
[ (2,6,10)(3,7,11)(4,8,12), (1,5)(2,10)(4,8)(7,11),
(1,10)(2,5)(3,12)(4,7)(6,9)(8,11), (1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(3,7,11)(4,8,12), (3,11)(4,12)(5,9)(6,10), (4,8)(5,9)(6,10)
(7,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 2 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
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[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[5];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 432 with 7 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 36 with 3 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
162
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 40 ], [ [ false ], 122 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
122
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
40
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x S3", 3 ], [ "(C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3) : C2", 10 ], [ "1", 1 ], [ "C2", 7 ],
[ "C2 x ((C3 x C3) : C2)", 3 ], [ "C2 x C2", 3 ], [ "C3", 7 ],
[ "C3 x ((C3 x C3) : C2)", 3 ], [ "C3 x C3", 7 ], [ "C3 x C3 x C3", 1 ],
[ "C3 x C3 x S3", 3 ], [ "C3 x S3", 18 ], [ "C6", 12 ], [ "C6 x C3", 3 ],
[ "D12", 12 ], [ "S3", 19 ], [ "S3 x S3", 9 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3) : (C2 x C2)", 1 ], [ "C2 x C2", 4 ],
[ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 3 ], [ "C2 x S3 x S3", 3 ],
[ "C3 x S3 x S3", 3 ], [ "C6 x C2", 3 ], [ "C6 x S3", 6 ], [ "D12", 9 ],
[ "S3 x S3", 6 ], [ "S3 x S3 x S3", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 4 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
3
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
4
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
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> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 4 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,Order);
[ 216, 54, 108, 27, 1 ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 2, 1, 1 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 1, 2, 1, 1 ], 3 ],
[ [ 4, 1, 4, 1, 1 ], 1 ] ]
gap> DihE27:=ChG[2];
Group([ (4,8)(5,9)(6,10)(7,11), (3,7,11)(4,12,8), (1,5,9)(3,7,11)
(4,8,12), (2,6,10)(3,7,11)(4,8,12) ])
gap> StructureDescription(DihE27);
"(C3 x C3 x C3) : C2"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DihE27,x))));
[ [ "C2", 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DihE27,x))));
[ [ "1", 4 ] ]
(1-3-4) G = 12T 168 ≃ (C3)4 ⋊ (C2)3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,168);
[3^4:2]E(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (1,5)(2,10)(4,8)(7,11), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,10)(5,9)(7,11)(8,12), (3,11,7), (5,9)(6,10)(7,11)
(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 2 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[4];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 1296 with 8 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 108 with 5 generators>
gap> KerResH3Z(bG,bH:iterator);
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[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
474
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 80 ], [ [ false ], 394 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
394
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
80
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 3 ],
[ "((C3 x C3) : C2) x S3", 18 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3) : C2", 16 ], [ "(C3 x C3) : C2", 52 ], [ "1", 1 ],
[ "C2", 7 ], [ "C2 x ((C3 x C3) : C2)", 6 ], [ "C2 x C2", 3 ],
[ "C3", 16 ], [ "C3 x ((C3 x C3) : C2)", 18 ], [ "C3 x C3", 46 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 6 ], [ "C3 x C3 x C3", 16 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 18 ], [ "C3 x S3", 60 ],
[ "C6", 18 ], [ "C6 x C3", 6 ], [ "D12", 18 ], [ "S3", 34 ],
[ "S3 x S3", 30 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 1 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 4 ], [ "C2 x C2", 4 ],
[ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 4 ], [ "C2 x S3 x S3", 6 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 4 ], [ "C3 x S3 x S3", 12 ],
[ "C6 x C2", 4 ], [ "C6 x S3", 12 ], [ "D12", 12 ], [ "S3 x S3", 12 ],
[ "S3 x S3 x S3", 4 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 4 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
3
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
4
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 4 ] ]
gap> ChG:=CharacteristicSubgroups(G);
[ [3^4:2]E(4), Group([ (5,9)(6,10)(7,11)(8,12), (1,5,9), (2,6,10), (3,7,11),
(4,8,12) ]), Group([ (1,5,9), (2,6,10), (3,7,11), (4,8,12) ]), Group(()) ]
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gap> List(ChG,Order);
[ 648, 162, 81, 1 ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 1, 1 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 1, 1, 1 ], 4 ] ]
gap> DihE81:=ChG[2];
Group([ (5,9)(6,10)(7,11)(8,12), (1,5,9), (2,6,10), (3,7,11), (4,8,12) ])
gap> StructureDescription(DihE81);
"(C3 x C3 x C3 x C3) : C2"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DihE81,x))));
[ [ "C2", 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DihE81,x))));
[ [ "1", 4 ] ]
(1-3-5) G = 12T 171 ≃ (C3)4 ⋊ (C4 × C2).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,171);
[3^4:2]E(4)_2
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,10)(5,9)(7,11)(8,12), (3,11,7), (5,9)(6,10)(7,11)
(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 2 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 3, 3 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2 ][ ]
[ ][ ]
[ ][ ]
[ ][ ]
[ ][ ]
gap> cG:=cGs[1];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 1296 with 8 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 108 with 5 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 6, 6 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=
> x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
216
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
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gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 4 ], [ [ false ], 212 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
212
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
4
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 1 ],
[ "((C3 x C3) : C2) x S3", 4 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 2 ], [ "(C3 x C3 x C3) : C2", 12 ],
[ "(C3 x C3) : C2", 44 ], [ "(C3 x C3) : C4", 12 ], [ "1", 1 ],
[ "C2", 3 ], [ "C2 x ((C3 x C3) : C2)", 2 ], [ "C2 x C2", 1 ],
[ "C3", 12 ], [ "C3 x ((C3 x C3) : C2)", 4 ], [ "C3 x C3", 42 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 2 ], [ "C3 x C3 x C3", 12 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 4 ], [ "C3 x S3", 16 ],
[ "C4", 2 ], [ "C6", 4 ], [ "C6 x C3", 2 ], [ "D12", 4 ], [ "S3", 16 ],
[ "S3 x S3", 8 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3 x C3) : (C4 x C2)", 1 ], [ "C2 x ((C3 x C3) : C4)", 2 ],
[ "C4 x C2", 1 ] ]
(1-3-6) G = 12T 194 ≃ (C3)4 ⋊A4(4) ≃ C3 ≀ A4(4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,194);
[3^4]A(4)=3wrA(4)
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,8,11)(3,6,12)(4,7,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 3, 3 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 3 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2 ][ ]
[ 3 ][ 3 ]
gap> cG:=cGs[1];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 1944 with 8 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 162 with 3 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 3 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 3, 6 ], [ [ 0, 3 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 3, 6 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
124
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
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gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 16 ], [ [ false ], 108 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
108
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
16
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3) : C3", 9 ], [ "(C3 x C3) : C2", 1 ],
[ "(C3 x C3) : C3", 5 ], [ "1", 1 ], [ "C2", 1 ], [ "C3", 11 ],
[ "C3 x ((C3 x C3 x C3) : C3)", 1 ], [ "C3 x ((C3 x C3) : C2)", 3 ],
[ "C3 x ((C3 x C3) : C3)", 1 ], [ "C3 x (C9 : C3)", 2 ], [ "C3 x C3", 24 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 1 ], [ "C3 x C3 x C3", 9 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 3 ], [ "C3 x S3", 10 ],
[ "C6", 3 ], [ "C6 x C3", 1 ], [ "C9", 6 ], [ "C9 : C3", 10 ],
[ "C9 x C3", 2 ], [ "S3", 3 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : (C2 x C2)) : C3", 3 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 1 ], [ "A4", 3 ], [ "C2 x C2", 1 ],
[ "C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 1 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 1 ], [ "C3 x A4", 1 ],
[ "C3 x S3 x S3", 1 ], [ "C6 x C2", 1 ], [ "C6 x S3", 1 ], [ "D12", 1 ],
[ "S3 x S3", 1 ] ]
(1-3-7) G = 12T 261 ≃ (S3)4 ⋊ V4 ≃ S3 ≀ V4.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,261);
[S(3)^4]E(4)=S(3)wrE(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (4,8), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (4,8), (3,11,7), (7,11), (2,10,6), (6,10), (5,9) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2, 2, 2 ],
[ [ 2, 2, 2, 2 ], [ [ 1, 0, 0, 1 ], [ 0, 1, 0, 1 ], [ 0, 0, 1, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2, 2, 2 ],
[ [ 2, 2, 2, 2 ], [ [ 1, 0, 0, 1 ], [ 0, 1, 0, 1 ], [ 0, 0, 1, 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2, 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 67
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
[ 2, 2, 2 ][ 2, 2, 2 ]
gap> cG:=cGs[1];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 10368 with 11 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 864 with 8 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2, 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2, 2, 2, 2 ],
[ [ 2, 2, 2, 2, 2 ],
[ [ 1, 0, 0, 0, 0 ], [ 0, 1, 0, 0, 1 ], [ 0, 0, 1, 0, 1 ],
[ 0, 0, 0, 1, 1 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ 2, 2, 2 ],
[ [ 2, 2, 2, 2, 2 ],
[ [ 1, 0, 0, 1, 1 ], [ 0, 1, 0, 1, 0 ], [ 0, 0, 1, 0, 1 ] ] ] ]
gap> HNPtruefalsefn:=x->Number(
> FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[2][2],
> y->(y[1]+y[2]+y[4]) mod 2=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
891
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 72 ], [ [ false ], 819 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
819
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
72
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : (C2 x C2)) x S3", 1 ],
[ "((C3 x C3 x C3) : C2) x S3", 1 ],
[ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 6 ],
[ "((C3 x C3) : C2) x S3", 18 ], [ "((C3 x C3) : C2) x S3 x S3", 1 ],
[ "((C3 x C3) : C4) x S3", 2 ], [ "((S3 x S3) : C2) x S3", 2 ],
[ "(C2 x C2 x C2 x C2) : C2", 3 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2 x C2) : C2)", 3 ],
[ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 6 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 4 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2)", 3 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 6 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 6 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 3 ], [ "(C3 x C3 x C3 x C3) : D8", 9 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 10 ], [ "(C3 x C3 x C3) : C2", 7 ],
[ "(C3 x C3 x C3) : C4", 3 ], [ "(C3 x C3 x C3) : D8", 9 ],
[ "(C3 x C3) : ((C2 x C2 x C2 x C2) : C2)", 3 ],
[ "(C3 x C3) : ((C4 x C2) : C2)", 9 ], [ "(C3 x C3) : (C2 x D8)", 3 ],
[ "(C3 x C3) : (C4 x C2)", 3 ], [ "(C3 x C3) : C2", 28 ],
[ "(C3 x C3) : C4", 15 ], [ "(C4 x C2) : C2", 6 ], [ "(C6 x C2) : C2", 6 ],
[ "(C6 x S3) : C2", 3 ], [ "(S3 x S3) : C2", 18 ], [ "1", 1 ],
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[ "C12", 3 ], [ "C2", 9 ], [ "C2 x (((C3 x C3) : C2) x S3)", 1 ],
[ "C2 x ((C3 x C3 x C3) : (C2 x C2))", 1 ],
[ "C2 x ((C3 x C3 x C3) : C2)", 1 ], [ "C2 x ((C3 x C3) : C2)", 19 ],
[ "C2 x ((C3 x C3) : C4)", 6 ], [ "C2 x ((S3 x S3) : C2)", 6 ],
[ "C2 x (S3 x ((C3 x C3) : C2))", 2 ], [ "C2 x C2", 20 ],
[ "C2 x C2 x ((C3 x C3) : C2)", 3 ], [ "C2 x C2 x C2", 9 ],
[ "C2 x C2 x C2 x C2", 1 ], [ "C2 x C2 x C2 x S3", 1 ],
[ "C2 x C2 x S3", 20 ], [ "C2 x C2 x S3 x S3", 3 ], [ "C2 x C6 x S3", 3 ],
[ "C2 x D8", 6 ], [ "C2 x S3 x S3", 30 ], [ "C2 x S3 x S3 x S3", 1 ],
[ "C3", 6 ], [ "C3 : C4", 3 ], [ "C3 x (((C3 x C3) : C2) x S3)", 1 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 4 ],
[ "C3 x ((C3 x C3 x C3) : C2)", 1 ], [ "C3 x ((C3 x C3 x C3) : C4)", 3 ],
[ "C3 x ((C3 x C3 x C3) : D8)", 3 ], [ "C3 x ((C3 x C3) : C2)", 19 ],
[ "C3 x ((C3 x C3) : C4)", 3 ], [ "C3 x ((C6 x C2) : C2)", 3 ],
[ "C3 x ((S3 x S3) : C2)", 3 ], [ "C3 x (C3 : C4)", 3 ],
[ "C3 x (S3 x ((C3 x C3) : C2))", 2 ], [ "C3 x C3", 15 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 6 ], [ "C3 x C3 x C3", 6 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x C3 x S3", 1 ],
[ "C3 x C3 x S3", 19 ], [ "C3 x C3 x S3 x S3", 3 ], [ "C3 x C6 x S3", 3 ],
[ "C3 x D8", 3 ], [ "C3 x S3", 47 ], [ "C3 x S3 x S3", 24 ],
[ "C3 x S3 x S3 x S3", 1 ], [ "C4", 6 ], [ "C4 x C2", 6 ], [ "C4 x S3", 3 ],
[ "C6", 20 ], [ "C6 x ((C3 x C3) : C2)", 3 ], [ "C6 x C2", 13 ],
[ "C6 x C2 x C2", 1 ], [ "C6 x C3", 13 ], [ "C6 x C3 x C3", 1 ],
[ "C6 x C6", 3 ], [ "C6 x S3", 30 ], [ "C6 x S3 x S3", 3 ], [ "D12", 53 ],
[ "D24", 3 ], [ "D8", 12 ], [ "D8 x S3", 3 ], [ "S3", 26 ],
[ "S3 x ((C3 x C3) : C2)", 7 ], [ "S3 x ((C3 x C3) : C2) x S3", 2 ],
[ "S3 x ((C3 x C3) : C4)", 1 ], [ "S3 x ((S3 x S3) : C2)", 1 ],
[ "S3 x S3", 67 ], [ "S3 x S3 x S3", 14 ], [ "S3 x S3 x S3 x S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2 x C2) : C2) : C2", 1 ],
[ "(C2 x C2 x C2) : (C2 x C2)", 1 ], [ "(C2 x C2 x C2) : C4", 3 ],
[ "(C3 x C3 x C3 x C3) : (((C2 x C2 x C2 x C2) : C2) : C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : C4)", 3 ],
[ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 3 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 3 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 3 ], [ "(C3 x C3 x C3 x C3) : D8", 3 ],
[ "(C3 x C3 x C3 x C3) : Q8", 1 ], [ "(C3 x C3 x C3) : (C2 x C2)", 1 ],
[ "(C3 x C3) : Q8", 1 ], [ "(C4 x C2) : C2", 3 ], [ "(S3 x S3) : C2", 6 ],
[ "C2 x ((C3 x C3) : C4)", 3 ], [ "C2 x ((S3 x S3) : C2)", 3 ],
[ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 1 ],
[ "C2 x D8", 3 ], [ "C2 x S3 x S3", 3 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 1 ], [ "C3 x S3 x S3", 3 ],
[ "C4 x C2", 3 ], [ "C6 x C2", 1 ], [ "C6 x S3", 3 ], [ "D12", 3 ],
[ "D8", 3 ], [ "Q8", 1 ], [ "S3 x S3", 3 ], [ "S3 x S3 x S3", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2) : C4", 3 ], [ "C2 x C2", 1 ], [ "C4 x C2", 3 ],
[ "D8", 3 ], [ "Q8", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 1 ], [ [ 8, 2 ], 3 ], [ [ 8, 3 ], 3 ], [ [ 8, 4 ], 1 ],
[ [ 32, 6 ], 3 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
20
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
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gap> Length(GcsHNPtrueC2xC2);
1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2 ], 3 ], [ [ 2, 2, 2 ], 4 ], [ [ 2, 2, 2, 2 ], 7 ],
[ [ 2, 2, 2, 2, 4 ], 3 ], [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);
[ [S(3)^4]E(4)=S(3)wrE(4), <permutation group of size 1296 with 8 generators>,
<permutation group of size 2592 with 9 generators>, Group([ (3,7,11)(4,8)
(5,9), (2,10)(4,8), (4,8)(7,11), (1,5,9), (2,6,10), (3,7,11), (4,8,12) ]),
Group([ (2,10)(3,11)(4,8)(5,9), (1,5,9), (2,6,10), (3,7,11), (4,8,12) ]),
Group([ (1,5,9), (2,6,10), (3,7,11), (4,8,12) ]), Group(()) ]
gap> List(ChG,StructureDescription);
[ "(C3 x C3 x C3 x C3) : (((C2 x C2 x C2 x C2) : C2) : C2)",
"S3 x S3 x S3 x S3", "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))",
"(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", "(C3 x C3 x C3 x C3) : C2",
"C3 x C3 x C3 x C3", "1" ]
gap> List(ChG,Order);
[ 5184, 1296, 2592, 648, 162, 81, 1 ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 2, 1, 1, 1 ], 3 ],
[ [ 4, 2, 4, 2, 2, 1, 1 ], 3 ],
[ [ 4, 4, 2, 2, 1, 1, 1 ], 9 ],
[ [ 4, 4, 2, 2, 2, 1, 1 ], 1 ],
[ [ 4, 4, 4, 4, 1, 1, 1 ], 1 ],
[ [ 4, 4, 4, 4, 2, 1, 1 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 1, 4, 1, 1, 1, 1 ], 1 ] ]
gap> S3xS3xS3xS3:=ChG[2];
S3 x S3 x S3 x S3
gap> DG:=DerivedSubgroup(G);
Group([ (4,12,8), (3,11,7)(4,8,12), (4,8)(7,11), (2,10,6)(4,8,12), (2,10)
(4,8), (1,9)(2,10,6)(7,11), (3,7,11)(4,8)(5,9) ])
gap> Position(ChG,DG);
4
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2", 6 ], [ "C2 x C2", 14 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "1", 1 ] ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2", 16 ], [ "C2 x C2", 4 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "1", 1 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
6
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
3
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
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> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 6 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 4, 2, 1, 1 ], 3 ],
[ [ 8, 4, 8, 4, 2, 1, 1 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 2, 8, 2, 2, 1, 1 ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C4 x C2", "C2 x C2", "C2 x C2", "C2 x C2", "C2", "1", "1" ], 3 ],
[ [ "C4 x C2", "C2 x C2", "C4 x C2", "C2 x C2", "C2", "1", "1" ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C4 x C2", "C2", "C4 x C2", "C2", "C2", "1", "1" ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2 x C2", 6 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2", 3 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2 x C2", 6 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(DG,x))));
[ [ "C2", 3 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
12
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
3
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 3 ], [ [ 2, 2, 4, 4 ], 9 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 4, 2, 1, 1, 1 ], 6 ],
[ [ 8, 4, 8, 4, 2, 1, 1 ], 6 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 2, 8, 2, 2, 1, 1 ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "D8", "C2 x C2", "C2 x C2", "C2", "1", "1", "1" ], 6 ],
[ [ "D8", "C2 x C2", "D8", "C2 x C2", "C2", "1", "1" ], 6 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "D8", "C2", "D8", "C2", "C2", "1", "1" ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
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[ [ "C2 x C2", 12 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2", 3 ] ]
gap> Number(Gcs, # G(8,4)=Q8
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,4]);
1
gap> Number(Gcs, # G(32,6)=(C2)^3:C4
> x->Order(Representative(x))=32 and IdSmall(Representative(x))=[32,6]);
3
gap> Number(GcsHNPtrueMin,
> x->Order(Representative(x))=32 and IdSmall(Representative(x))=[32,6]);
3
(1-3-8) G = 12T 280 ≃ (S3)4 ⋊A4(4) ≃ S3 ≀ A4(4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,280);
[S(3)^4]A(4)=S(3)wrA(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (4,8), (2,8,11)(3,6,12)(4,7,10), (1,7,10)(2,5,11)(3,6,9) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (4,8), (2,8,11)(3,6,12)(4,7,10), (5,9) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 6 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 6 ], [ [ 1, 0 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2 ][ 2 ]
[ 2, 2 ][ 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[2];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 31104 with 12 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 2592 with 5 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2, 2 ], [ [ 2, 2, 6 ], [ [ 1, 1, 0 ], [ 0, 0, 3 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ 2 ], [ [ 2, 2, 6 ], [ [ 1, 1, 0 ] ] ] ]
gap> HNPtruefalsefn:=x->Number(
> FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[2][2],
> y->y[3]=3)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
458
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
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[ [ [ true ], 51 ], [ [ false ], 407 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
407
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
51
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3 x C3) : (C2 x C2 x C2)) : C3", 1 ],
[ "((C3 x C3 x C3) : (C2 x C2)) : C3", 2 ],
[ "((C3 x C3 x C3) : (C2 x C2)) x S3", 1 ],
[ "((C3 x C3 x C3) : C2) x S3", 1 ], [ "((C3 x C3 x C3) : C3) : C2", 4 ],
[ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 2 ],
[ "((C3 x C3) : C2) x S3", 7 ], [ "((C3 x C3) : C2) x S3 x S3", 1 ],
[ "((C3 x C3) : C4) x S3", 1 ], [ "(C2 x C2 x C2 x C2) : C2", 1 ],
[ "(C3 x ((C3 x C3 x C3) : C3)) : C2", 1 ],
[ "(C3 x ((C3 x C3) : C3)) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 2 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 1 ], [ "(C3 x C3 x C3 x C3) : D8", 3 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 4 ], [ "(C3 x C3 x C3) : C2", 5 ],
[ "(C3 x C3 x C3) : C3", 4 ], [ "(C3 x C3 x C3) : C4", 1 ],
[ "(C3 x C3 x C3) : D8", 3 ],
[ "(C3 x C3) : ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "(C3 x C3) : ((C4 x C2) : C2)", 3 ], [ "(C3 x C3) : (C2 x D8)", 1 ],
[ "(C3 x C3) : (C4 x C2)", 1 ], [ "(C3 x C3) : C2", 12 ],
[ "(C3 x C3) : C3", 3 ], [ "(C3 x C3) : C4", 5 ], [ "(C3 x C3) : C6", 4 ],
[ "(C4 x C2) : C2", 2 ], [ "(C6 x C2) : C2", 2 ], [ "(C6 x S3) : C2", 1 ],
[ "(S3 x S3 x S3) : C3", 3 ], [ "(S3 x S3) : C2", 6 ], [ "1", 1 ],
[ "A4", 2 ], [ "A4 x S3", 2 ], [ "C12", 1 ], [ "C18", 1 ], [ "C2", 5 ],
[ "C2 x ((((C3 x C3 x C3) : (C2 x C2)) : C3) : C2)", 1 ],
[ "C2 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 1 ],
[ "C2 x (((C3 x C3 x C3) : C3) : C2)", 1 ],
[ "C2 x (((C3 x C3) : C2) x S3)", 1 ],
[ "C2 x ((C3 x C3 x C3) : (C2 x C2))", 1 ],
[ "C2 x ((C3 x C3 x C3) : C2)", 1 ], [ "C2 x ((C3 x C3 x C3) : C3)", 1 ],
[ "C2 x ((C3 x C3) : C2)", 7 ], [ "C2 x ((C3 x C3) : C3)", 1 ],
[ "C2 x ((C3 x C3) : C4)", 2 ], [ "C2 x ((C3 x C3) : C6)", 1 ],
[ "C2 x ((S3 x S3) : C2)", 2 ], [ "C2 x (C9 : C3)", 1 ], [ "C2 x A4", 4 ],
[ "C2 x C2", 8 ], [ "C2 x C2 x ((C3 x C3) : C2)", 1 ],
[ "C2 x C2 x A4", 1 ], [ "C2 x C2 x C2", 5 ], [ "C2 x C2 x C2 x C2", 1 ],
[ "C2 x C2 x C2 x S3", 1 ], [ "C2 x C2 x S3", 8 ],
[ "C2 x C2 x S3 x S3", 1 ], [ "C2 x C6 x S3", 1 ], [ "C2 x D8", 2 ],
[ "C2 x S3 x A4", 1 ], [ "C2 x S3 x S3", 10 ], [ "C2 x S3 x S3 x S3", 1 ],
[ "C3", 6 ], [ "C3 : C4", 1 ],
[ "C3 x ((((C3 x C3 x C3) : (C2 x C2)) : C3) : C2)", 1 ],
[ "C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 1 ],
[ "C3 x (((C3 x C3 x C3) : C3) : C2)", 1 ],
[ "C3 x (((C3 x C3) : C2) x S3)", 1 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ],
[ "C3 x ((C3 x C3 x C3) : C2)", 1 ], [ "C3 x ((C3 x C3 x C3) : C3)", 1 ],
[ "C3 x ((C3 x C3 x C3) : C4)", 1 ], [ "C3 x ((C3 x C3 x C3) : D8)", 1 ],
[ "C3 x ((C3 x C3) : C2)", 8 ], [ "C3 x ((C3 x C3) : C3)", 1 ],
[ "C3 x ((C3 x C3) : C4)", 1 ], [ "C3 x ((C3 x C3) : C6)", 1 ],
[ "C3 x ((C6 x C2) : C2)", 1 ], [ "C3 x ((S3 x S3) : C2)", 1 ],
[ "C3 x (C3 : C4)", 1 ], [ "C3 x (C9 : C3)", 1 ], [ "C3 x A4", 1 ],
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[ "C3 x C3", 11 ], [ "C3 x C3 x ((C3 x C3) : C2)", 2 ],
[ "C3 x C3 x C3", 5 ], [ "C3 x C3 x C3 x C3", 1 ],
[ "C3 x C3 x C3 x S3", 1 ], [ "C3 x C3 x S3", 9 ],
[ "C3 x C3 x S3 x S3", 1 ], [ "C3 x C6 x S3", 1 ], [ "C3 x D8", 1 ],
[ "C3 x S3", 23 ], [ "C3 x S3 x S3", 9 ], [ "C3 x S3 x S3 x S3", 1 ],
[ "C4", 2 ], [ "C4 x C2", 2 ], [ "C4 x S3", 1 ], [ "C6", 12 ],
[ "C6 x ((C3 x C3) : C2)", 1 ], [ "C6 x A4", 1 ], [ "C6 x C2", 6 ],
[ "C6 x C2 x C2", 1 ], [ "C6 x C3", 7 ], [ "C6 x C3 x C3", 1 ],
[ "C6 x C6", 1 ], [ "C6 x S3", 12 ], [ "C6 x S3 x S3", 1 ], [ "C9", 2 ],
[ "C9 : C3", 3 ], [ "C9 x C3", 1 ], [ "C9 x S3", 1 ], [ "D12", 19 ],
[ "D24", 1 ], [ "D8", 4 ], [ "D8 x S3", 1 ], [ "S3", 12 ],
[ "S3 x ((((C3 x C3 x C3) : (C2 x C2)) : C3) : C2)", 1 ],
[ "S3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 1 ],
[ "S3 x (((C3 x C3 x C3) : C3) : C2)", 1 ],
[ "S3 x ((C3 x C3 x C3) : C3)", 1 ], [ "S3 x ((C3 x C3) : C2)", 2 ],
[ "S3 x ((C3 x C3) : C3)", 1 ], [ "S3 x ((C3 x C3) : C6)", 1 ],
[ "S3 x ((S3 x S3) : C2)", 1 ], [ "S3 x (C9 : C3)", 1 ], [ "S3 x S3", 23 ],
[ "S3 x S3 x S3", 6 ], [ "S3 x S3 x S3 x S3", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(((C2 x C2 x C2 x C2) : C2) : C2) : C3", 1 ],
[ "(((C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))) : C3) : C2", 1 ],
[ "((C2 x C2 x C2 x C2) : C2) : C2", 1 ],
[ "((C2 x C2 x C2) : (C2 x C2)) : C3", 1 ],
[ "((C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))) : C3", 1 ],
[ "((C3 x C3 x C3 x C3) : (C2 x C2 x C2)) : C3", 1 ],
[ "((C3 x C3 x C3 x C3) : Q8) : C3", 1 ],
[ "((C3 x C3 x C3) : (C2 x C2)) : C3", 2 ], [ "((C3 x C3) : Q8) : C3", 1 ],
[ "(C2 x C2 x C2) : (C2 x C2)", 1 ], [ "(C2 x C2 x C2) : C4", 1 ],
[ "(C3 x C3 x C3 x C3) : (((C2 x C2 x C2 x C2) : C2) : C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : C4)", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 1 ], [ "(C3 x C3 x C3 x C3) : D8", 1 ],
[ "(C3 x C3 x C3 x C3) : Q8", 1 ], [ "(C3 x C3 x C3) : (C2 x C2)", 1 ],
[ "(C3 x C3) : Q8", 1 ], [ "(C4 x C2) : C2", 1 ],
[ "(S3 x S3 x S3) : C3", 1 ], [ "(S3 x S3) : C2", 2 ], [ "A4", 2 ],
[ "A4 x S3", 1 ], [ "C2 x ((C3 x C3) : C4)", 1 ],
[ "C2 x ((S3 x S3) : C2)", 1 ], [ "C2 x A4", 1 ], [ "C2 x C2", 1 ],
[ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 1 ], [ "C2 x D8", 1 ],
[ "C2 x S3 x S3", 1 ], [ "C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 1 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 1 ], [ "C3 x A4", 1 ],
[ "C3 x S3 x S3", 1 ], [ "C4 x C2", 1 ], [ "C6 x C2", 1 ], [ "C6 x S3", 1 ],
[ "D12", 1 ], [ "D8", 1 ], [ "Q8", 1 ], [ "S3 x S3", 1 ],
[ "S3 x S3 x S3", 1 ], [ "SL(2,3)", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2) : C4", 1 ], [ "C2 x C2", 1 ], [ "C4 x C2", 1 ],
[ "D8", 1 ], [ "Q8", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 1 ], [ [ 8, 2 ], 1 ], [ [ 8, 3 ], 1 ], [ [ 8, 4 ], 1 ],
[ [ 32, 6 ], 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
true
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
8
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
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gap> Length(GcsHNPtrueC2xC2);
1
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2 ], 1 ], [ [ 2, 2, 2 ], 2 ], [ [ 2, 2, 2, 2 ], 3 ],
[ [ 2, 2, 2, 2, 4 ], 1 ], [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> ChG=NormalSubgroups(G);
true
gap> List(ChG,StructureDescription);
[ "(((C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))) : C3) : C2",
"((C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))) : C3",
"(C3 x C3 x C3 x C3) : (((C2 x C2 x C2 x C2) : C2) : C2)",
"S3 x S3 x S3 x S3", "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))",
"(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", "(C3 x C3 x C3 x C3) : C2",
"C3 x C3 x C3 x C3", "1" ]
gap> List(ChG,Order);
[ 15552, 7776, 5184, 1296, 2592, 648, 162, 81, 1 ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 4, 2, 2, 1, 1, 1 ], 3 ],
[ [ 4, 2, 4, 4, 2, 2, 2, 1, 1 ], 1 ],
[ [ 4, 4, 4, 2, 4, 2, 1, 1, 1 ], 1 ],
[ [ 4, 4, 4, 2, 4, 2, 2, 1, 1 ], 1 ],
[ [ 4, 4, 4, 4, 4, 4, 1, 1, 1 ], 1 ],
[ [ 4, 4, 4, 4, 4, 4, 2, 1, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 4, 1, 4, 1, 1, 1, 1 ], 1 ] ]
gap> S3xS3xS3xS3:=ChG[4];
S3 x S3 x S3 x S3
gap> T261:=ChG[3];
(C3 x C3 x C3 x C3) : (((C2 x C2 x C2 x C2) : C2) : C2)
gap> T261=TransitiveGroup(12,261);
true
gap> DT261:=DerivedSubgroup(T261);
Group([ (1,5,9)(2,6,10)(4,8)(7,11), (1,5,9)(2,6,10)(4,12)(7,11), (1,5)(3,11)
(4,12,8), (1,5)(2,6)(3,7)(8,12) ])
gap> Position(ChG,DT261);
6
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2", 2 ], [ "C2 x C2", 6 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "1", 1 ] ]
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->StructureDescription(Intersection(DT261,x))));
[ [ "C2", 6 ], [ "C2 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DT261,x))));
[ [ "1", 1 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
2
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
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gap> Length(GcsHNPtrueC4xC2);
1
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 8, 4, 4, 4, 2, 1, 1 ], 1 ],
[ [ 8, 8, 8, 4, 8, 4, 2, 1, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 8, 8, 2, 8, 2, 2, 1, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C4 x C2", "C2 x C2", "C4 x C2", "C2 x C2", "C2 x C2", "C2 x C2", "C2",
"1", "1" ], 1 ],
[ [ "C4 x C2", "C4 x C2", "C4 x C2", "C2 x C2", "C4 x C2", "C2 x C2", "C2",
"1", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C4 x C2", "C4 x C2", "C4 x C2", "C2", "C4 x C2", "C2", "C2", "1", "1" ]
, 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2", 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->StructureDescription(Intersection(DT261,x))));
[ [ "C2 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->StructureDescription(Intersection(DT261,x))));
[ [ "C2", 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
4
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
1
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 1 ], [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 4, 8, 4, 4, 2, 1, 1, 1 ], 2 ],
[ [ 8, 8, 8, 4, 8, 4, 2, 1, 1 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 8, 8, 8, 2, 8, 2, 2, 1, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "D8", "C2 x C2", "D8", "C2 x C2", "C2 x C2", "C2", "1", "1", "1" ], 2 ],
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[ [ "D8", "D8", "D8", "C2 x C2", "D8", "C2 x C2", "C2", "1", "1" ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "D8", "D8", "D8", "C2", "D8", "C2", "C2", "1", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2 x C2", 4 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->StructureDescription(Intersection(S3xS3xS3xS3,x))));
[ [ "C2", 1 ] ]
gap> Number(Gcs, # G(8,4)=Q8
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,4]);
1
gap> Number(Gcs, # G(32,6)=(C2)^3:C4
> x->Order(Representative(x))=32 and IdSmallGroup(Representative(x))=[32,6]);
1
Example 7.4 (G = 12Tm (m = 54, 56, 59, 61, 66, 88, 92, 93, 100, 102, 144, 188, 230, 255)).
(2-1-1) G = 12T 54 ≃ (S4 × C2)⋊ C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,54);
[(1/2.2^2)^3]D(6)_4
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (1,5,9)(2,6,10)(3,7,11)(4,8,12), (2,3)(4,9)(5,8)(6,10)(7,11),
(1,2)(3,12)(4,11)(5,10)(6,9)(7,8) ]
gap> H:=Stabilizer(G,1);
Group([ (2,3)(4,9)(5,8)(6,10)(7,11), (8,9)(10,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
56
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 13 ], [ [ false ], 43 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
43
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
13
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 1 ], [ "C12", 1 ], [ "C2", 5 ], [ "C2 x A4", 1 ],
[ "C2 x C2", 8 ], [ "C2 x C2 x C2", 2 ], [ "C2 x D8", 1 ], [ "C2 x S4", 1 ],
[ "C3", 1 ], [ "C4", 4 ], [ "C4 x A4", 1 ], [ "C4 x C2", 3 ],
[ "C4 x C2 x C2", 1 ], [ "C6", 1 ], [ "D12", 2 ], [ "D24", 1 ],
[ "D8", 5 ], [ "S3", 2 ], [ "S4", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C2 x S4) : C2", 1 ], [ "(C4 x C2 x C2) : C2", 1 ],
[ "(C4 x C2) : C2", 2 ], [ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ],
[ "C2 x D8", 2 ], [ "C2 x S4", 1 ], [ "C4 : C4", 1 ], [ "C4 x C2", 1 ],
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[ "D8", 1 ], [ "S4", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "C4 x C2", 1 ], [ "D8", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
8
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 2, 2 ], 2 ],
[ [ 2, 2, 2, 2, 4 ], 1 ], [ [ 2, 2, 4, 4 ], 2 ], [ [ 2, 4, 4 ], 1 ],
[ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,12)(2,3)(4,5)(6,7), (1,8,5)(2,11,6)(3,10,7)(4,12,9), (1,12)(2,3)
(4,5)(6,7)(8,9)(10,11) ])
gap> StructureDescription(DG);
"C2 x A4"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 2, 2 ], "C2 x C2" ], 1 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], "C2 x C2" ], 2 ],
[ [ [ 2, 2, 2, 2, 4 ], "C2" ], 1 ], [ [ [ 2, 2, 4, 4 ], "C2" ], 2 ],
[ [ [ 2, 4, 4 ], "C2" ], 1 ], [ [ [ 4, 4, 4 ], "C2" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], "C2" ], 1 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
3
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
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5
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
1
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ], [ [ 2, 4, 4 ], 1 ], [ [ 4, 4, 4 ], 1 ],
[ [ 4, 8 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 1 ], [ [ [ 2, 4, 4 ], "C2 x C2" ], 1 ],
[ [ [ 4, 4, 4 ], "C2 x C2" ], 1 ], [ [ [ 4, 8 ], "C2" ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 1 ] ]
gap> DDG:=DerivedSubgroup(DG);
Group([ (4,5)(6,7)(8,9)(10,11), (1,12)(2,3)(4,5)(6,7) ])
gap> StructureDescription(DDG);
"C2 x C2"
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DDG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2" ], 1 ], [ [ [ 2, 4, 4 ], "C2" ], 1 ],
[ [ [ 4, 4, 4 ], "C2 x C2" ], 1 ], [ [ [ 4, 8 ], "1" ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DDG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 1 ] ]
(2-1-2) G = 12T 56 ≃ ((C2)4 ⋊ C3)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,56);
[1/2.2^6]3
gap> GeneratorsOfGroup(G);
[ (3,9)(6,12), (1,10)(3,12)(4,7)(6,9), (1,5,9)(2,6,10)(3,7,11)(4,8,12) ]
gap> H:=Stabilizer(G,1);
Group([ (3,9)(6,12), (2,8)(5,11), (2,5)(3,12)(6,9)(8,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2, 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 0 ], [ 0, 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 0 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->Number(FirstObstructionDr(G,x,H).Dr[2][2],y->y[3]=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
148
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 35 ], [ [ false ], 113 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
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gap> Length(GcsHNPfalse);
113
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
35
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 3 ], [ "C2", 11 ], [ "C2 x A4", 3 ], [ "C2 x C2", 51 ],
[ "C2 x C2 x C2", 39 ], [ "C2 x C2 x C2 x C2", 3 ], [ "C3", 1 ],
[ "C6", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "A4", 2 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x A4", 2 ],
[ "C2 x C2", 4 ], [ "C2 x C2 x C2", 16 ], [ "C2 x C2 x C2 x C2", 8 ],
[ "C2 x C2 x C2 x C2 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 4 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
51
gap> Sum(GcsHNPfalseC2xC2,Size);
147
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
4
gap> Sum(GcsHNPtrueC2xC2,Size);
8
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 2, 2 ], 6 ],
[ [ 2, 2, 2, 2, 4 ], 20 ], [ [ 2, 2, 4 ], 4 ], [ [ 2, 2, 4, 4 ], 14 ],
[ [ 4, 4 ], 2 ], [ [ 4, 4, 4 ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 4 ] ]
gap> GcsHNPfalse222222C2xC2:=Filtered(GcsHNPfalseC2xC2,
> x->SortedList(List(Orbits(Representative(x)),Length))=[2,2,2,2,2,2]);;
gap> Length(GcsHNPfalse222222C2xC2);
6
gap> Sum(GcsHNPfalse222222C2xC2,Size);
16
gap> ChG:=CharacteristicSubgroups(G);;
gap> Length(ChG);
6
gap> List(ChG,Order);
[ 96, 48, 32, 2, 16, 1 ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 1, 2, 1 ], 4 ], [ [ 4, 2, 4, 2, 2, 1 ], 1 ],
[ [ 4, 4, 4, 1, 4, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 4, 1, 2, 1 ], 2 ], [ [ 4, 4, 4, 1, 4, 1 ], 2 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,7)(3,9)(4,10)(6,12), (2,5)(3,12)(6,9)(8,11), (1,4)(2,8)(3,12)(5,11)
(6,9)(7,10), (1,10)(3,12)(4,7)(6,9) ])
gap> StructureDescription(DG);
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"C2 x C2 x C2 x C2"
gap> ZG:=Centre(G);
Group([ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ])
gap> StructureDescription(ZG);
"C2"
gap> Position(ChG,DG);
5
gap> Position(ChG,ZG);
4
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->List([DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2", "1" ], 4 ], [ [ "C2", "C2" ], 1 ], [ [ "C2 x C2", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List([DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2", "1" ], 2 ], [ [ "C2 x C2", "1" ], 2 ] ]
gap> GcsHNPfalse222222C2xC2D2Z1:=Filtered(GcsHNPfalse222222C2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[2,1]);
[ Group( [ ( 1,10)( 3,12)( 4, 7)( 6, 9), ( 2, 8)( 5,11) ] )^G,
Group( [ ( 1,10)( 3, 6)( 4, 7)( 9,12), ( 2, 8)( 5,11) ] )^G,
Group( [ ( 1, 4)( 3,12)( 6, 9)( 7,10), ( 2, 8)( 5,11) ] )^G,
Group( [ ( 1, 4)( 3, 6)( 7,10)( 9,12), ( 2, 8)( 5,11) ] )^G ]
gap> GcsHNPtrueC2xC2D2Z1:=Filtered(GcsHNPtrueC2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[2,1]);
[ Group( [ ( 1,10)( 2, 5)( 4, 7)( 8,11), ( 1,10)( 3, 6)( 4, 7)( 9,12) ] )^G,
Group( [ ( 1, 4)( 2, 5)( 7,10)( 8,11), ( 1, 4)( 3, 6)( 7,10)( 9,12) ] )^G ]
gap> GcsHNPfalse222222C2xC2D4Z1:=Filtered(GcsHNPfalse222222C2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[4,1]);
[ Group( [ ( 2, 8)( 3, 9)( 5,11)( 6,12), ( 1, 7)( 3, 9)( 4,10)( 6,12) ] )^G ]
gap> GcsHNPtrueC2xC2D4Z1:=Filtered(GcsHNPtrueC2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[4,1]);
[ Group( [ ( 1,10)( 2, 5)( 4, 7)( 8,11), ( 1,10)( 3,12)( 4, 7)( 6, 9) ] )^G,
Group( [ ( 1, 4)( 2,11)( 5, 8)( 7,10), ( 1, 4)( 3, 6)( 7,10)( 9,12) ] )^G ]
gap> List(GcsHNPfalse222222C2xC2D2Z1,Size);
[ 3, 3, 3, 3 ]
gap> List(GcsHNPtrueC2xC2D2Z1,Size);
[ 3, 3 ]
gap> List(GcsHNPfalse222222C2xC2D4Z1,Size);
[ 1 ]
gap> List(GcsHNPtrueC2xC2D4Z1,Size);
[ 1, 1 ]
gap> S12:=SymmetricGroup(12);
Sym( [ 1 .. 12 ] )
gap> NS12G:=Normalizer(S12,G);
Group([ (3,9)(6,12), (1,10)(3,12)(4,7)(6,9), (1,11,3)(2,6,4)(5,9,7)
(8,12,10), (3,12)(6,9), (2,9,11,12)(3,5,6,8), (2,8)(3,6,9,12)(4,10) ])
gap> StructureDescription(NS12G);
"(((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : C3) : C2"
gap> Order(NS12G);
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gap> Collected(List(List(GcsHNPfalse222222C2xC2D2Z1,Representative),
> x->IsNormal(NS12G,x)));
[ [ false, 4 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2D2Z1,Representative),
> x->IsNormal(NS12G,x)));
[ [ false, 2 ] ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2D4Z1,Representative),
> x->IsNormal(NS12G,x)));
[ [ true, 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2D4Z1,Representative),
> x->IsNormal(NS12G,x)));
[ [ false, 2 ] ]
gap> List(List(GcsHNPfalse222222C2xC2D2Z1,Elements),x->List(x,Elements));
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[ [ [ (), (3,9)(6,12), (1,10)(2,5)(4,7)(8,11),
(1,10)(2,5)(3,9)(4,7)(6,12)(8,11) ],
[ (), (2,5)(3,12)(6,9)(8,11), (1,7)(4,10),
(1,7)(2,5)(3,12)(4,10)(6,9)(8,11) ],
[ (), (2,8)(5,11), (1,10)(3,12)(4,7)(6,9),
(1,10)(2,8)(3,12)(4,7)(5,11)(6,9) ] ],
[ [ (), (3,9)(6,12), (1,4)(2,5)(7,10)(8,11),
(1,4)(2,5)(3,9)(6,12)(7,10)(8,11) ],
[ (), (2,8)(5,11), (1,10)(3,6)(4,7)(9,12),
(1,10)(2,8)(3,6)(4,7)(5,11)(9,12) ],
[ (), (2,11)(3,12)(5,8)(6,9), (1,7)(4,10),
(1,7)(2,11)(3,12)(4,10)(5,8)(6,9) ] ],
[ [ (), (3,9)(6,12), (1,10)(2,11)(4,7)(5,8),
(1,10)(2,11)(3,9)(4,7)(5,8)(6,12) ],
[ (), (2,5)(3,6)(8,11)(9,12), (1,7)(4,10),
(1,7)(2,5)(3,6)(4,10)(8,11)(9,12) ],
[ (), (2,8)(5,11), (1,4)(3,12)(6,9)(7,10),
(1,4)(2,8)(3,12)(5,11)(6,9)(7,10) ] ],
[ [ (), (3,9)(6,12), (1,4)(2,11)(5,8)(7,10),
(1,4)(2,11)(3,9)(5,8)(6,12)(7,10) ],
[ (), (2,8)(5,11), (1,4)(3,6)(7,10)(9,12),
(1,4)(2,8)(3,6)(5,11)(7,10)(9,12) ],
[ (), (2,11)(3,6)(5,8)(9,12), (1,7)(4,10),
(1,7)(2,11)(3,6)(4,10)(5,8)(9,12) ] ] ]
gap> List(List(GcsHNPtrueC2xC2D2Z1,Elements),x->List(x,Elements));
[ [ [ (), (2,5)(3,6)(8,11)(9,12), (1,10)(3,6)(4,7)(9,12),
(1,10)(2,5)(4,7)(8,11) ],
[ (), (2,5)(3,12)(6,9)(8,11), (1,4)(3,12)(6,9)(7,10),
(1,4)(2,5)(7,10)(8,11) ],
[ (), (2,11)(3,12)(5,8)(6,9), (1,10)(3,12)(4,7)(6,9),
(1,10)(2,11)(4,7)(5,8) ] ],
[ [ (), (2,5)(3,6)(8,11)(9,12), (1,4)(3,6)(7,10)(9,12),
(1,4)(2,5)(7,10)(8,11) ],
[ (), (2,11)(3,6)(5,8)(9,12), (1,10)(3,6)(4,7)(9,12),
(1,10)(2,11)(4,7)(5,8) ],
[ (), (2,11)(3,12)(5,8)(6,9), (1,4)(3,12)(6,9)(7,10),
(1,4)(2,11)(5,8)(7,10) ] ] ]
gap> List(List(GcsHNPfalse222222C2xC2D4Z1,Elements),x->List(x,Elements));
[ [ [ (), (2,8)(3,9)(5,11)(6,12), (1,7)(3,9)(4,10)(6,12),
(1,7)(2,8)(4,10)(5,11) ] ] ]
gap> List(List(GcsHNPtrueC2xC2D4Z1,Elements),x->List(x,Elements));
[ [ [ (), (2,5)(3,12)(6,9)(8,11), (1,10)(3,12)(4,7)(6,9),
(1,10)(2,5)(4,7)(8,11) ] ],
[ [ (), (2,11)(3,6)(5,8)(9,12), (1,4)(3,6)(7,10)(9,12),
(1,4)(2,11)(5,8)(7,10) ] ] ]
(2-1-3) G = 12T 59 ≃ (C2)3 ⋊A4(6).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,59);
[2^3]A_4(6)
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3)(6,7)(8,9), (1,12)(2,3)(4,5), (2,8)(3,9)(4,10)(5,11),
(1,5,9)(2,6,10)(3,7,11)(4,8,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,8)(3,9)(4,10)(5,11), (4,5)(6,7)(8,9) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
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function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
35
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 8 ], [ [ false ], 27 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
27
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
8
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 2 ], [ "C2", 4 ], [ "C2 x A4", 1 ], [ "C2 x C2", 9 ],
[ "C2 x C2 x C2", 3 ], [ "C2 x D8", 1 ], [ "C3", 1 ], [ "C4", 1 ],
[ "C4 x C2", 1 ], [ "C6", 1 ], [ "D8", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2 x C2) : C2) : C3", 1 ], [ "(C2 x C2 x C2 x C2) : C2", 1 ],
[ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "(C4 x C2) : C2", 1 ], [ "A4", 1 ],
[ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ], [ "C2 x C2 x C2 x C2", 1 ] ]
gap> GcsHNPtrueMin:=Mincs(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 1 ], [ "C2 x C2", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 1 ], [ [ 16, 3 ], 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
9
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 2, 2 ], 1 ],
[ [ 2, 2, 2, 2, 4 ], 3 ], [ [ 2, 2, 4, 4 ], 2 ], [ [ 4, 4 ], 1 ],
[ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> Syl2G:=SylowSubgroup(G,2);
Group([ (2,3)(6,7)(10,11), (1,7)(4,10)(5,11)(6,12), (2,8)(3,9)(4,10)
(5,11), (1,12)(4,5)(6,7)(10,11), (1,12)(2,3)(6,7)(8,9) ])
gap> IsCharacteristicSubgroup(G,Syl2G);
true
gap> ZSyl2G:=Centre(Syl2G);
Group([ (2,3)(4,5)(8,9)(10,11), (1,12)(4,5)(6,7)(10,11) ])
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(ZSyl2G,x))]));
[ [ [ [ 2, 2, 2, 2, 2 ], "C2" ], 1 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], "C2 x C2" ], 1 ],
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[ [ [ 2, 2, 2, 2, 4 ], "1" ], 1 ], [ [ [ 2, 2, 2, 2, 4 ], "C2" ], 2 ],
[ [ [ 2, 2, 4, 4 ], "1" ], 1 ], [ [ [ 2, 2, 4, 4 ], "C2" ], 1 ],
[ [ [ 4, 4 ], "C2" ], 1 ], [ [ [ 4, 4, 4 ], "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(ZSyl2G,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], "1" ], 1 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,3]); # G(16,3)=(C4xC2):C2
1
(2-1-4) G = 12T 61 ≃ ((C4)2 ⋊ C2)⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,61);
[2^3]A_4(6)_4
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3)(6,7)(8,9), (1,12)(2,3)(4,5), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(2,8)(3,9)(4,11)(5,10)(6,7) ]
gap> H:=Stabilizer(G,1);
Group([ (2,8)(3,9)(4,11)(5,10)(6,7), (4,5)(6,7)(8,9) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 4 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
28
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 22 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
22
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 1 ], [ "C2", 3 ], [ "C2 x A4", 1 ], [ "C2 x C2", 5 ],
[ "C2 x C2 x C2", 2 ], [ "C2 x D8", 1 ], [ "C3", 1 ], [ "C4", 2 ],
[ "C4 x C2", 1 ], [ "C6", 1 ], [ "D8", 3 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C4 x C4) : C2) : C3", 1 ], [ "(C4 x C4) : C2", 1 ],
[ "(C4 x C4) : C3", 1 ], [ "C2 x D8", 1 ], [ "C4 x C4", 1 ], [ "D8", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C4 x C4", 1 ], [ "D8", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
3
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
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gap> Length(GcsHNPtrueD4);
1
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ], [ [ 2, 4, 4 ], 1 ], [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> ChG=NormalSubgroups(G);
true
gap> List(ChG,Order);
[ 96, 48, 32, 8, 16, 4, 1 ]
gap> N8:=ChG[4];
Group([ (4,5)(6,7)(8,9), (2,3)(4,5)(8,9)(10,11), (1,12)(2,3)(6,7)(8,9) ])
gap> StructureDescription(N8);
"C2 x C2 x C2"
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(N8,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 1 ], [ [ [ 2, 4, 4 ], "C2 x C2" ], 1 ],
[ [ [ 4, 4, 4 ], "C2" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(N8,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2" ], 1 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
1
(2-1-5) G = 12T 66 ≃ ((C2)4 ⋊ C3)⋊ C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,66);
[1/2[1/2.2^2]^3]S_4(6d)_2
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3)(6,7)(8,9), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,3,5)(2,4,12)(6,8,10)(7,9,11), (2,4)(3,5)(6,7)(8,11)(9,10) ]
gap> H:=Stabilizer(G,1);
Group([ (2,4)(3,5)(6,7)(8,11)(9,10), (2,3)(4,5)(8,9)(10,11), (2,10,3,11)
(4,8,5,9)(6,7) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
56
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 10 ], [ [ false ], 46 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
46
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
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> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
10
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 3 ], [ "1", 1 ], [ "A4", 3 ], [ "C2", 5 ],
[ "C2 x C2", 13 ], [ "C2 x C2 x C2", 4 ], [ "C2 x D8", 2 ], [ "C3", 1 ],
[ "C4", 3 ], [ "C4 x C2", 3 ], [ "D8", 5 ], [ "S3", 1 ], [ "S4", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2 x C2) : C3) : C2", 1 ], [ "(C2 x C2 x C2 x C2) : C2", 1 ],
[ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "A4", 1 ], [ "C2 x C2", 1 ],
[ "C2 x C2 x C2", 1 ], [ "C2 x C2 x C2 x C2", 1 ], [ "C2 x D8", 1 ],
[ "D8", 1 ], [ "S4", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ], [ "D8", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
13
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
true
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 4 ], 4 ],
[ [ 2, 2, 4, 4 ], 4 ], [ [ 2, 4, 4 ], 1 ], [ [ 4, 4 ], 1 ],
[ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> GcsHNPfalse222222C2xC2:=Filtered(GcsHNPfalseC2xC2,
> x->SortedList(List(Orbits(Representative(x)),Length))=[2,2,2,2,2,2]);;
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),IsNormal(G,x)]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], true ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),IsNormal(G,x)]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], false ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,Order);
[ 96, 48, 16, 1 ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2 x C2", "C2 x C2", "C2 x C2", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2 x C2", "C2 x C2", "C2 x C2", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->StructureDescription(Normalizer(G,x))));
[ [ "((C2 x C2 x C2 x C2) : C3) : C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Normalizer(G,x))));
[ [ "(C2 x C2 x C2 x C2) : C3", 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
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gap> Length(GcsHNPfalseD4);
5
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
1
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 8 ], 1 ], [ [ 4, 4, 4 ], 2 ], [ [ 4, 8 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
(2-1-6) G = 12T 88 ≃ (C2)4 ⋊A4(6).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,88);
[2^4]A_4(6)
gap> GeneratorsOfGroup(G);
[ (1,12)(6,7), (1,12)(2,3)(4,5), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,3,11)(2,10,12)(4,6,8)(5,7,9) ]
gap> H:=Stabilizer(G,1);
Group([ (4,5)(10,11), (6,7)(8,9)(10,11), (2,8)(3,9)(4,10)(5,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
142
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 33 ], [ [ false ], 109 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
109
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
33
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 2 ], [ "C2", 9 ], [ "C2 x A4", 4 ], [ "C2 x C2", 33 ],
[ "C2 x C2 x A4", 1 ], [ "C2 x C2 x C2", 27 ], [ "C2 x C2 x C2 x C2", 3 ],
[ "C2 x C2 x D8", 1 ], [ "C2 x D8", 8 ], [ "C3", 1 ], [ "C4", 2 ],
[ "C4 x C2", 4 ], [ "C4 x C2 x C2", 1 ], [ "C6", 3 ], [ "C6 x C2", 1 ],
[ "D8", 8 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2 x C2) : C2) : C3", 2 ], [ "(C2 x C2 x C2 x C2) : C2", 4 ],
[ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "(C4 x C2) : C2", 4 ], [ "A4", 1 ],
[ "C2 x (((C2 x C2 x C2 x C2) : C2) : C3)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x ((C4 x C2) : C2)", 1 ],
[ "C2 x A4", 1 ], [ "C2 x C2", 2 ], [ "C2 x C2 x C2", 8 ],
[ "C2 x C2 x C2 x C2", 5 ], [ "C2 x C2 x C2 x C2 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
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gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 4 ], [ "C2 x C2", 2 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 2 ], [ [ 16, 3 ], 4 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
33
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 2 ], [ [ 2, 2, 2, 2, 2 ], 2 ],
[ [ 2, 2, 2, 2, 2, 2 ], 5 ], [ [ 2, 2, 2, 2, 4 ], 10 ], [ [ 2, 2, 4 ], 2 ],
[ [ 2, 2, 4, 4 ], 8 ], [ [ 4, 4 ], 2 ], [ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 2 ] ]
gap> Syl2G:=SylowSubgroup(G,2);
Group([ (1,12)(4,5)(8,9), (1,12)(2,3)(4,5)(6,7)(8,9)(10,11), (1,7)(2,8)(3,9)
(6,12), (1,7)(4,10)(5,11)(6,12), (1,12)(2,3)(6,7)(8,9), (1,12)(4,5)(6,7)
(10,11) ])
gap> IsCharacteristicSubgroup(G,Syl2G);
true
gap> ZSyl2G:=Centre(Syl2G);
Group([ (4,5)(10,11), (2,3)(8,9), (1,12)(6,7) ])
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(ZSyl2G,x))]));
[ [ [ [ 2, 2, 2, 2 ], "C2" ], 1 ], [ [ [ 2, 2, 2, 2 ], "C2 x C2" ], 1 ],
[ [ [ 2, 2, 2, 2, 2 ], "C2" ], 2 ], [ [ [ 2, 2, 2, 2, 2, 2 ], "C2" ], 3 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], "C2 x C2" ], 2 ],
[ [ [ 2, 2, 2, 2, 4 ], "1" ], 4 ], [ [ [ 2, 2, 2, 2, 4 ], "C2" ], 6 ],
[ [ [ 2, 2, 4 ], "C2" ], 2 ], [ [ [ 2, 2, 4, 4 ], "1" ], 4 ],
[ [ [ 2, 2, 4, 4 ], "C2" ], 4 ], [ [ [ 4, 4 ], "C2" ], 2 ],
[ [ [ 4, 4, 4 ], "1" ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(ZSyl2G,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], "1" ], 2 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,3]); # G(16,3)=(C4xC2):C2
4
gap> Number(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))=[16,3]);
4
(2-1-7) G = 12T 92 ≃ (((C4)2 ⋊ C2)⋊ C3)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,92);
[2^4]A_4(6)_4{n4}
gap> GeneratorsOfGroup(G);
[ (1,12)(6,7), (1,12)(2,3)(4,5), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(2,8)(3,9)(4,10)(5,11)(6,7) ]
gap> H:=Stabilizer(G,1);
Group([ (2,8)(3,9)(4,10)(5,11)(6,7), (2,3)(6,7)(10,11), (6,7)(8,9)(10,11) ])
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gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 4 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
108
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 25 ], [ [ false ], 83 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
83
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
25
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 1 ], [ "C2", 7 ], [ "C2 x A4", 3 ], [ "C2 x C2", 17 ],
[ "C2 x C2 x A4", 1 ], [ "C2 x C2 x C2", 13 ], [ "C2 x C2 x C2 x C2", 2 ],
[ "C2 x C2 x D8", 1 ], [ "C2 x D8", 9 ], [ "C3", 1 ], [ "C4", 4 ],
[ "C4 x C2", 6 ], [ "C4 x C2 x C2", 1 ], [ "C6", 3 ], [ "C6 x C2", 1 ],
[ "D8", 12 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C4 x C4) : C2) : C3", 2 ], [ "(C4 x C4) : C2", 4 ],
[ "(C4 x C4) : C3", 1 ], [ "C2 x (((C4 x C4) : C2) : C3)", 1 ],
[ "C2 x ((C4 x C4) : C2)", 1 ], [ "C2 x ((C4 x C4) : C3)", 1 ],
[ "C2 x C2 x D8", 1 ], [ "C2 x D8", 7 ], [ "C4 x C4", 2 ],
[ "C4 x C4 x C2", 1 ], [ "D8", 4 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C4 x C4", 2 ], [ "D8", 4 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
12
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
4
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 4 ], [ [ 2, 4, 4 ], 4 ], [ [ 4, 4, 4 ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 4 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,12)(4,5)(6,7)(10,11), (1,12)(2,3)(6,7)(8,9), (1,7,12,6)
(4,11,5,10), (1,12)(2,8,3,9)(4,11,5,10)(6,7) ])
gap> Order(DG);
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gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,Order);
[ 192, 96, 64, 48, 32, 16, 8, 16, 2, 4, 1 ]
gap> Position(ChG,DG);
8
gap> N16:=ChG[6];
Group([ (6,7)(8,9)(10,11), (1,12)(2,3)(6,7)(8,9), (1,12)(4,5)(6,7)
(10,11), (1,12)(6,7) ])
gap> StructureDescription(N16);
"C2 x C2 x C2 x C2"
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(N16,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 4 ], [ [ [ 2, 4, 4 ], "C2 x C2" ], 4 ],
[ [ [ 4, 4, 4 ], "C2" ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(N16,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2" ], 4 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
2
gap> Number(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))=[16,2]);
2
(2-1-8) G = 12T 93 ≃ (((C4 ⋊ C4)× C2)⋊ C2)⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,93);
[2^4]A_4(6)_4{n2}
gap> GeneratorsOfGroup(G);
[ (1,12)(6,7), (1,12)(2,3)(4,5), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(2,8,3,9)(4,10)(5,11) ]
gap> H:=Stabilizer(G,1);
Group([ (2,8,3,9)(4,10)(5,11), (6,7)(8,9)(10,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 4 ], [ [ 2, 4 ], [ [ 1, 1 ], [ 0, 2 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 4 ], [ [ 0, 2 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[4];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
51
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 6 ], [ [ false ], 45 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
45
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
6
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 2 ], [ "1", 1 ], [ "A4", 1 ], [ "C2", 5 ],
[ "C2 x ((C4 x C2) : C2)", 1 ], [ "C2 x A4", 3 ], [ "C2 x C2", 7 ],
[ "C2 x C2 x A4", 1 ], [ "C2 x C2 x C2", 5 ], [ "C2 x C2 x C2 x C2", 1 ],
[ "C3", 1 ], [ "C4", 3 ], [ "C4 : C4", 1 ], [ "C4 x C2", 7 ],
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[ "C4 x C2 x C2", 2 ], [ "C6", 3 ], [ "C6 x C2", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(((C4 x C2) : C4) : C2) : C3", 1 ], [ "((C2 x (C4 : C4)) : C2) : 1", 1 ],
[ "((C4 x C2) : C4) : C3", 1 ], [ "(C4 x C2) : C4", 1 ],
[ "C2 x (C4 : C4)", 1 ], [ "C4 : C4", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C4", 1 ], [ "C4 : C4", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 16, 4 ], 1 ], [ [ 32, 2 ], 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC4xlC4:=Filtered(GcsHNPfalse, # G(16,4)=C4:C4
> x->IdSmallGroup(Representative(x))=[16,4]);;
gap> Length(GcsHNPfalseC4xlC4);
1
gap> GcsHNPtrueC4xlC4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,4]);;
gap> Length(GcsHNPtrueC4xlC4);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC4xlC4);
false
gap> Collected(List(List(GcsHNPfalseC4xlC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xlC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[32,2]); # G(32,2)=(C4xC2):C4
1
(2-1-9) G = 12T 100 ≃ (((C2)4 ⋊ C3)⋊ C2)× C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,100);
[(1/2.2^2)^3]S_4(6d)_2
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,7,11)(2,4,8)(3,5,9)(6,10,12), (2,3)(4,8)(5,9)(6,11)(7,10) ]
gap> H:=Stabilizer(G,1);
Group([ (2,3)(4,8)(5,9)(6,11)(7,10), (4,5)(6,7), (4,6)(5,7)(8,11)(9,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
238
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 56 ], [ [ false ], 182 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
182
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
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> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
56
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2 x C2) : C2", 4 ], [ "(C4 x C2) : C2", 12 ], [ "1", 1 ],
[ "A4", 3 ], [ "C2", 11 ], [ "C2 x ((C4 x C2) : C2)", 1 ], [ "C2 x A4", 3 ],
[ "C2 x C2", 44 ], [ "C2 x C2 x C2", 33 ], [ "C2 x C2 x C2 x C2", 3 ],
[ "C2 x D8", 15 ], [ "C2 x S4", 2 ], [ "C3", 1 ], [ "C4", 6 ],
[ "C4 x C2", 11 ], [ "C4 x C2 x C2", 2 ], [ "C6", 1 ], [ "D12", 1 ],
[ "D8", 22 ], [ "S3", 2 ], [ "S4", 4 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2 x C2) : C3) : C2", 2 ], [ "(C2 x C2 x C2 x C2) : C2", 4 ],
[ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "A4", 1 ],
[ "C2 x (((C2 x C2 x C2 x C2) : C3) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x ((C4 x C2) : C2)", 2 ],
[ "C2 x A4", 1 ], [ "C2 x C2", 3 ], [ "C2 x C2 x C2", 12 ],
[ "C2 x C2 x C2 x C2", 7 ], [ "C2 x C2 x C2 x C2 x C2", 1 ],
[ "C2 x C2 x D8", 3 ], [ "C2 x D8", 9 ], [ "C2 x S4", 1 ], [ "C4 x C2", 1 ],
[ "C4 x C2 x C2", 1 ], [ "D8", 2 ], [ "S4", 2 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 3 ], [ "C4 x C2", 1 ], [ "D8", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
44
gap> Sum(GcsHNPfalseC2xC2,Size);
219
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
3
gap> Sum(GcsHNPtrueC2xC2,Size);
20
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 2, 2 ], 5 ],
[ [ 2, 2, 2, 2, 4 ], 12 ], [ [ 2, 2, 4 ], 2 ], [ [ 2, 2, 4, 4 ], 14 ],
[ [ 2, 4, 4 ], 4 ], [ [ 4, 4 ], 2 ], [ [ 4, 4, 4 ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 3 ] ]
gap> GcsHNPfalse222222C2xC2:=Filtered(GcsHNPfalseC2xC2,
> x->SortedList(List(Orbits(Representative(x)),Length))=[2,2,2,2,2,2]);;
gap> Length(GcsHNPfalse222222C2xC2);
5
gap> Sum(GcsHNPfalse222222C2xC2,Size);
16
gap> ChG:=CharacteristicSubgroups(G);;
gap> Length(ChG);
7
gap> List(ChG,Order);
[ 192, 96, 32, 48, 2, 16, 1 ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 4, 2, 1, 2, 1 ], 3 ], [ [ 4, 4, 4, 2, 2, 2, 1 ], 1 ],
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[ [ 4, 4, 4, 4, 1, 4, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 2, 2, 1, 1, 1, 1 ], 1 ], [ [ 4, 4, 4, 2, 1, 2, 1 ], 1 ],
[ [ 4, 4, 4, 4, 1, 4, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->StructureDescription(Normalizer(G,x))));
[ [ "C2 x (((C2 x C2 x C2 x C2) : C3) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 3 ], [ "C2 x C2 x C2 x C2 x C2", 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Normalizer(G,x))));
[ [ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x C2 x C2 x C2", 1 ],
[ "C2 x C2 x C2 x C2 x C2", 1 ] ]
gap> GcsHNPfalse222222C2xC2N32:=Filtered(GcsHNPfalse222222C2xC2,
> x->Order(Normalizer(G,Representative(x)))=32);
[ Group( [ ( 4, 6)( 5, 7)( 8,10)( 9,11), ( 1,12)( 2, 3) ] )^G ]
gap> Length(GcsHNPfalse222222C2xC2N32);
1
gap> List(GcsHNPfalse222222C2xC2N32,Size);
[ 6 ]
gap> GcsHNPtrueC2xC2N32:=Filtered(GcsHNPtrueC2xC2,
> x->Order(Normalizer(G,Representative(x)))=32);
[ Group( [ ( 1, 3)( 2,12)( 8,10)( 9,11), ( 4, 7)( 5, 6)( 8,10)( 9,11) ] )^G ]
gap> Length(GcsHNPtrueC2xC2N32);
1
gap> List(GcsHNPtrueC2xC2N32,Size);
[ 6 ]
gap> List(List(GcsHNPfalse222222C2xC2N32,Elements),x->List(x,Elements));
[ [ [ (), (8,9)(10,11), (1,2)(3,12)(4,7)(5,6),
(1,2)(3,12)(4,7)(5,6)(8,9)(10,11) ],
[ (), (8,9)(10,11), (1,3)(2,12)(4,6)(5,7),
(1,3)(2,12)(4,6)(5,7)(8,9)(10,11) ],
[ (), (4,5)(6,7), (1,2)(3,12)(8,11)(9,10),
(1,2)(3,12)(4,5)(6,7)(8,11)(9,10) ],
[ (), (4,5)(6,7), (1,3)(2,12)(8,10)(9,11),
(1,3)(2,12)(4,5)(6,7)(8,10)(9,11) ],
[ (), (4,6)(5,7)(8,10)(9,11), (1,12)(2,3),
(1,12)(2,3)(4,6)(5,7)(8,10)(9,11) ],
[ (), (4,7)(5,6)(8,11)(9,10), (1,12)(2,3),
(1,12)(2,3)(4,7)(5,6)(8,11)(9,10) ] ] ]
gap> List(List(GcsHNPtrueC2xC2N32,Elements),x->List(x,Elements));
[ [ [ (), (4,6)(5,7)(8,10)(9,11), (1,2)(3,12)(8,10)(9,11),
(1,2)(3,12)(4,6)(5,7) ],
[ (), (4,6)(5,7)(8,11)(9,10), (1,2)(3,12)(8,11)(9,10),
(1,2)(3,12)(4,6)(5,7) ],
[ (), (4,6)(5,7)(8,11)(9,10), (1,3)(2,12)(8,11)(9,10),
(1,3)(2,12)(4,6)(5,7) ],
[ (), (4,7)(5,6)(8,10)(9,11), (1,2)(3,12)(8,10)(9,11),
(1,2)(3,12)(4,7)(5,6) ],
[ (), (4,7)(5,6)(8,10)(9,11), (1,3)(2,12)(8,10)(9,11),
(1,3)(2,12)(4,7)(5,6) ],
[ (), (4,7)(5,6)(8,11)(9,10), (1,3)(2,12)(8,11)(9,10),
(1,3)(2,12)(4,7)(5,6) ] ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
11
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
1
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gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 2 ], [ [ 2, 8 ], 1 ], [ [ 4, 4, 4 ], 2 ], [ [ 4, 8 ], 6 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
22
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
2
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 2 ], [ [ 2, 4, 4 ], 2 ], [ [ 2, 8 ], 2 ], [ [ 4, 4, 4 ], 8 ],
[ [ 4, 8 ], 8 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
(2-1-10) G = 12T 102 ≃ ((C2)4 ⋊ C3)⋊ C4.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,102);
[(1/2.2^2)^3]S_4(6c)_2
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (1,5,9)(2,6,10)(3,7,11)(4,8,12),
(1,7,11)(2,4,8)(3,5,9)(6,10,12), (1,2,12,3)(4,8,5,9)(6,11,7,10) ]
gap> H:=Stabilizer(G,1);
Group([ (8,9)(10,11), (2,3)(4,8,6,11)(5,9,7,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 4 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 4 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
150
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 38 ], [ [ false ], 112 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
112
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
38
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 7 ], [ "1", 1 ], [ "A4", 3 ], [ "A4 : C4", 3 ],
[ "C2", 9 ], [ "C2 x ((C4 x C2) : C2)", 1 ], [ "C2 x A4", 3 ],
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[ "C2 x C2", 35 ], [ "C2 x C2 x C2", 28 ], [ "C2 x C2 x C2 x C2", 3 ],
[ "C3", 1 ], [ "C3 : C4", 1 ], [ "C4", 4 ], [ "C4 x C2", 10 ],
[ "C4 x C2 x C2", 2 ], [ "C6", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x ((C4 x C2) : C2)) : C2) : 1", 1 ],
[ "((C2 x C2 x C2 x C2) : C3) : C4", 1 ], [ "(C2 x C2 x C2 x C2) : C3", 1 ],
[ "(C4 x C2) : C2", 5 ], [ "A4", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x ((C4 x C2) : C2)", 5 ],
[ "C2 x A4", 1 ], [ "C2 x C2", 2 ], [ "C2 x C2 x C2", 9 ],
[ "C2 x C2 x C2 x C2", 6 ], [ "C2 x C2 x C2 x C2 x C2", 1 ],
[ "C4 x C2", 2 ], [ "C4 x C2 x C2", 2 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 1 ], [ "C2 x C2", 2 ], [ "C4 x C2", 2 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 2 ], [ [ 8, 2 ], 2 ], [ [ 16, 3 ], 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
35
gap> Sum(GcsHNPfalseC2xC2,Size);
147
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> Sum(GcsHNPtrueC2xC2,Size);
8
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 2, 2 ], 5 ],
[ [ 2, 2, 2, 2, 4 ], 12 ], [ [ 2, 2, 4 ], 2 ], [ [ 2, 2, 4, 4 ], 9 ],
[ [ 4, 4 ], 2 ], [ [ 4, 4, 4 ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 2 ] ]
gap> GcsHNPfalse222222C2xC2:=Filtered(GcsHNPfalseC2xC2,
> x->SortedList(List(Orbits(Representative(x)),Length))=[2,2,2,2,2,2]);;
gap> Length(GcsHNPfalse222222C2xC2);
5
gap> Sum(GcsHNPfalse222222C2xC2,Size);
16
gap> ChG:=CharacteristicSubgroups(G);;
gap> Length(ChG);
7
gap> List(ChG,Order);
[ 192, 96, 32, 48, 2, 16, 1 ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 4, 2, 1, 2, 1 ], 3 ], [ [ 4, 4, 4, 2, 2, 2, 1 ], 1 ],
[ [ 4, 4, 4, 4, 1, 4, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 4, 2, 1, 2, 1 ], 1 ], [ [ 4, 4, 4, 4, 1, 4, 1 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,12)(2,3)(4,5)(6,7), (1,3)(2,12)(8,10)(9,11), (1,11,4)(2,8,7)(3,9,6)
(5,12,10) ])
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gap> StructureDescription(DG);
"(C2 x C2 x C2 x C2) : C3"
gap> ZG:=Centre(G);
Group([ (1,12)(2,3)(4,5)(6,7)(8,9)(10,11) ])
gap> StructureDescription(ZG);
"C2"
gap> Position(ChG,DG);
4
gap> Position(ChG,ZG);
5
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->List([DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2", "1" ], 3 ], [ [ "C2", "C2" ], 1 ], [ [ "C2 x C2", "1" ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List([DG,ZG],y->StructureDescription(Intersection(y,x)))));
[ [ [ "C2", "1" ], 1 ], [ [ "C2 x C2", "1" ], 1 ] ]
gap> GcsHNPfalse222222C2xC2D2Z1:=Filtered(GcsHNPfalse222222C2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[2,1]);
[ Group( [ ( 4, 6)( 5, 7)( 8,10)( 9,11), ( 1,12)( 2, 3) ] )^G,
Group( [ ( 4, 6)( 5, 7)( 8,11)( 9,10), ( 1,12)( 2, 3) ] )^G,
Group( [ ( 4, 7)( 5, 6)( 8,10)( 9,11), ( 1,12)( 2, 3) ] )^G ]
gap> GcsHNPtrueC2xC2D2Z1:=Filtered(GcsHNPtrueC2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[2,1]);
[ Group( [ ( 1, 3)( 2,12)( 8,10)( 9,11), ( 4, 7)( 5, 6)( 8,10)( 9,11) ] )^G ]
gap> GcsHNPfalse222222C2xC2D4Z1:=Filtered(GcsHNPfalse222222C2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[4,1]);
[ Group( [ ( 1,12)( 2, 3)( 8, 9)(10,11), ( 1,12)( 2, 3)( 4, 5)( 6, 7) ] )^G ]
gap> GcsHNPtrueC2xC2D4Z1:=Filtered(GcsHNPtrueC2xC2,
> x->List([DG,ZG],y->Order(Intersection(y,Representative(x))))=[4,1]);
[ Group( [ ( 1, 3)( 2,12)( 8,10)( 9,11), ( 4, 6)( 5, 7)( 8,10)( 9,11) ] )^G ]
gap> List(GcsHNPfalse222222C2xC2D2Z1,Size);
[ 6, 3, 3 ]
gap> List(GcsHNPtrueC2xC2D2Z1,Size);
[ 6 ]
gap> List(GcsHNPfalse222222C2xC2D4Z1,Size);
[ 1 ]
gap> List(GcsHNPtrueC2xC2D4Z1,Size);
[ 2 ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2D2Z1,Representative),
> x->IsNormal(G,x)));
[ [ false, 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2D2Z1,Representative),
> x->IsNormal(G,x)));
[ [ false, 1 ] ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2D4Z1,Representative),
> x->IsNormal(G,x)));
[ [ true, 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2D4Z1,Representative),
> x->IsNormal(G,x)));
[ [ false, 1 ] ]
gap> List(List(GcsHNPfalse222222C2xC2D2Z1,Elements),x->List(x,Elements));
[ [ [ (), (8,9)(10,11), (1,2)(3,12)(4,7)(5,6),
(1,2)(3,12)(4,7)(5,6)(8,9)(10,11) ],
[ (), (8,9)(10,11), (1,3)(2,12)(4,6)(5,7),
(1,3)(2,12)(4,6)(5,7)(8,9)(10,11) ],
[ (), (4,5)(6,7), (1,2)(3,12)(8,11)(9,10),
(1,2)(3,12)(4,5)(6,7)(8,11)(9,10) ],
[ (), (4,5)(6,7), (1,3)(2,12)(8,10)(9,11),
(1,3)(2,12)(4,5)(6,7)(8,10)(9,11) ],
[ (), (4,6)(5,7)(8,10)(9,11), (1,12)(2,3),
(1,12)(2,3)(4,6)(5,7)(8,10)(9,11) ],
[ (), (4,7)(5,6)(8,11)(9,10), (1,12)(2,3),
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(1,12)(2,3)(4,7)(5,6)(8,11)(9,10) ] ],
[ [ (), (8,9)(10,11), (1,3)(2,12)(4,7)(5,6),
(1,3)(2,12)(4,7)(5,6)(8,9)(10,11) ],
[ (), (4,5)(6,7), (1,2)(3,12)(8,10)(9,11),
(1,2)(3,12)(4,5)(6,7)(8,10)(9,11) ],
[ (), (4,6)(5,7)(8,11)(9,10), (1,12)(2,3),
(1,12)(2,3)(4,6)(5,7)(8,11)(9,10) ] ],
[ [ (), (8,9)(10,11), (1,2)(3,12)(4,6)(5,7),
(1,2)(3,12)(4,6)(5,7)(8,9)(10,11) ],
[ (), (4,5)(6,7), (1,3)(2,12)(8,11)(9,10),
(1,3)(2,12)(4,5)(6,7)(8,11)(9,10) ],
[ (), (4,7)(5,6)(8,10)(9,11), (1,12)(2,3),
(1,12)(2,3)(4,7)(5,6)(8,10)(9,11) ] ] ]
gap> List(List(GcsHNPtrueC2xC2D2Z1,Elements),x->List(x,Elements));
[ [ [ (), (4,6)(5,7)(8,10)(9,11), (1,2)(3,12)(8,10)(9,11),
(1,2)(3,12)(4,6)(5,7) ],
[ (), (4,6)(5,7)(8,11)(9,10), (1,2)(3,12)(8,11)(9,10),
(1,2)(3,12)(4,6)(5,7) ],
[ (), (4,6)(5,7)(8,11)(9,10), (1,3)(2,12)(8,11)(9,10),
(1,3)(2,12)(4,6)(5,7) ],
[ (), (4,7)(5,6)(8,10)(9,11), (1,2)(3,12)(8,10)(9,11),
(1,2)(3,12)(4,7)(5,6) ],
[ (), (4,7)(5,6)(8,10)(9,11), (1,3)(2,12)(8,10)(9,11),
(1,3)(2,12)(4,7)(5,6) ],
[ (), (4,7)(5,6)(8,11)(9,10), (1,3)(2,12)(8,11)(9,10),
(1,3)(2,12)(4,7)(5,6) ] ] ]
gap> List(List(GcsHNPfalse222222C2xC2D4Z1,Elements),x->List(x,Elements));
[ [ [ (), (4,5)(6,7)(8,9)(10,11), (1,12)(2,3)(8,9)(10,11),
(1,12)(2,3)(4,5)(6,7) ] ] ]
gap> List(List(GcsHNPtrueC2xC2D4Z1,Elements),x->List(x,Elements));
[ [ [ (), (4,6)(5,7)(8,10)(9,11), (1,3)(2,12)(8,10)(9,11),
(1,3)(2,12)(4,6)(5,7) ],
[ (), (4,7)(5,6)(8,11)(9,10), (1,2)(3,12)(8,11)(9,10),
(1,2)(3,12)(4,7)(5,6) ] ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
10
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 2 ], [ [ 2, 8 ], 2 ], [ [ 4, 4, 4 ], 4 ], [ [ 4, 8 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> GcsHNPfalseG16_3:=Filtered(GcsHNPfalse, # G(16,3)=(C4xC2):C2
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPfalseG16_3);
7
gap> GcsHNPtrueG16_3:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPtrueG16_3);
5
gap> IsInvariantUnderAutG(GcsHNPtrueG16_3);
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gap> GcsHNPtrueMinG16_3:=Filtered(GcsHNPtrueMin,
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPtrueMinG16_3);
1
gap> IsInvariantUnderAutG(GcsHNPtrueMinG16_3);
false
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 8 ], 1 ], [ [ 4, 4, 4 ], 1 ], [ [ 4, 8 ], 5 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 1 ], [ [ 4, 4, 4 ], 2 ], [ [ 4, 8 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueMinG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 8 ], 1 ] ]
(2-1-11) G = 12T 144 ≃ (C2)5 ⋊A4(6).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,144);
[2^5]A_4(6)
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (2,8)(3,9)(4,10)(5,11), (1,5,9)(2,6,10)(3,7,11)(4,8,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,8)(3,9)(4,10)(5,11), (6,7)(8,9), (8,9)(10,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2, 2, 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 0 ], [ 0, 1, 0 ], [ 0, 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2, 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 0 ], [ 0, 1, 0 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2, 4 ], [ ] ] ]
gap> HNPtruefalsefn:=x->Number(FirstObstructionDr(G,x,H).Dr[2][2],y->y[3]=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);215
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 42 ], [ [ false ], 173 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
173
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
42
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2 x C2) : C2", 5 ], [ "(C2 x C2 x C2 x C2) : C3", 1 ],
[ "(C4 x C2) : C2", 9 ], [ "1", 1 ], [ "A4", 7 ], [ "C2", 7 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x ((C4 x C2) : C2)", 3 ],
[ "C2 x A4", 7 ], [ "C2 x C2", 37 ], [ "C2 x C2 x C2", 36 ],
[ "C2 x C2 x C2 x C2", 7 ], [ "C2 x C2 x C2 x C2 x C2", 1 ],
[ "C2 x C2 x D8", 3 ], [ "C2 x D8", 16 ], [ "C3", 1 ], [ "C4", 4 ],
[ "C4 x C2", 10 ], [ "C4 x C2 x C2", 3 ], [ "C6", 1 ], [ "D8", 12 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : 1", 1 ],
[ "((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : C3", 1 ],
[ "((C2 x ((C4 x C2) : C2)) : C2) : 1", 3 ], [ "((C4 x C2) : C4) : C3", 2 ],
[ "(C2 x C2 x C2 x C2) : C2", 3 ], [ "(C2 x C2 x C2 x C2) : C3", 1 ],
[ "(C4 x C2) : C2", 3 ], [ "(C4 x C2) : C4", 2 ], [ "(C4 x C4) : C3", 1 ],
[ "A4", 2 ], [ "C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
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[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x ((C4 x C2) : C2)", 3 ],
[ "C2 x ((C4 x C4) : C3)", 1 ], [ "C2 x (C4 : C4)", 1 ], [ "C2 x A4", 2 ],
[ "C2 x C2", 2 ], [ "C2 x C2 x C2", 5 ], [ "C2 x C2 x C2 x C2", 3 ],
[ "C2 x C2 x C2 x C2 x C2", 1 ], [ "C4 : C4", 1 ], [ "C4 x C4", 1 ],
[ "C4 x C4 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 3 ], [ "(C4 x C2) : C4", 2 ], [ "C2 x C2", 2 ],
[ "C4 : C4", 1 ], [ "C4 x C4", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 2 ], [ [ 16, 2 ], 1 ], [ [ 16, 3 ], 3 ], [ [ 16, 4 ], 1 ],
[ [ 32, 2 ], 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
37
gap> Sum(GcsHNPfalseC2xC2,Size);
295
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> Sum(GcsHNPtrueC2xC2,Size);
8
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2 ], 4 ], [ [ 2, 2, 2, 2 ], 5 ], [ [ 2, 2, 2, 2, 2 ], 6 ],
[ [ 2, 2, 2, 2, 2, 2 ], 7 ], [ [ 2, 2, 2, 2, 4 ], 6 ], [ [ 2, 2, 4 ], 2 ],
[ [ 2, 2, 4, 4 ], 4 ], [ [ 4, 4 ], 1 ], [ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 2 ] ]
gap> GcsHNPfalse222222C2xC2:=Filtered(GcsHNPfalseC2xC2,
> x->SortedList(List(Orbits(Representative(x)),Length))=[2,2,2,2,2,2]);;
gap> Length(GcsHNPfalse222222C2xC2);
7
gap> Sum(GcsHNPfalse222222C2xC2,Size);
42
gap> ChG:=CharacteristicSubgroups(G);;
gap> Length(ChG);
7
gap> List(ChG,Order);
[ 384, 128, 32, 8, 4, 2, 1 ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 1, 1, 1, 1, 1 ], 2 ], [ [ 4, 4, 2, 2, 1, 1, 1 ], 1 ],
[ [ 4, 4, 2, 2, 1, 2, 1 ], 1 ], [ [ 4, 4, 2, 2, 2, 1, 1 ], 1 ],
[ [ 4, 4, 4, 4, 2, 2, 1 ], 1 ], [ [ 4, 4, 4, 4, 4, 1, 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 4, 4, 1, 1, 1, 1, 1 ], 2 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (2,3)(8,9), (1,12)(2,3)(4,5)(6,7), (1,7)(4,10)(5,11)(6,12), (2,3)(4,5)
(6,7)(10,11), (2,8,3,9)(4,11)(5,10)(6,7) ])
gap> StructureDescription(DG);
"(C2 x ((C2 x C2 x C2 x C2) : C2)) : C2"
gap> DDG:=DerivedSubgroup(DG);
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Group([ (4,5)(10,11), (1,12)(4,5)(6,7)(10,11), (2,3)(4,5)(8,9)(10,11) ])
gap> StructureDescription(DDG);
"C2 x C2 x C2"
gap> Position(ChG,DDG);
4
gap> Collected(List(List(GcsHNPfalse222222C2xC2,Representative),
> x->StructureDescription(Intersection(DDG,x))));
[ [ "1", 2 ], [ "C2", 3 ], [ "C2 x C2", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->StructureDescription(Intersection(DDG,x))));
[ [ "1", 2 ] ]
gap> GcsHNPfalse222222C2xC2DD1:=Filtered(GcsHNPfalse222222C2xC2,
> x->Order(Intersection(DDG,Representative(x)))=1);
[ Group( [ ( 1,12)( 2, 3)( 6, 7)(10,11), ( 4, 5)( 6, 7)( 8, 9)(10,11) ] )^G,
Group( [ ( 1,12)( 2, 3)( 8, 9)(10,11), ( 1,12)( 2, 3)( 4, 5)( 6, 7) ] )^G ]
gap> GcsHNPtrueC2xC2DD1:=Filtered(GcsHNPtrueC2xC2,
> x->Order(Intersection(DDG,Representative(x)))=1);
[ Group( [ ( 1, 7)( 2, 8)( 3, 9)( 6,12), ( 2, 8)( 3, 9)( 4,10)( 5,11) ] )^G,
Group( [ ( 1, 7)( 2, 8)( 3, 9)( 6,12), ( 2, 8)( 3, 9)( 4,11)( 5,10) ] )^G ]
gap> List(GcsHNPfalse222222C2xC2DD1,Size);
[ 4, 4 ]
gap> List(GcsHNPtrueC2xC2DD1,Size);
[ 4, 4 ]
gap> List(List(GcsHNPfalse222222C2xC2DD1,Elements),x->List(x,Elements));
[ [ [ (), (4,5)(6,7)(8,9)(10,11), (1,12)(2,3)(6,7)(10,11),
(1,12)(2,3)(4,5)(8,9) ],
[ (), (2,3)(6,7)(8,9)(10,11), (1,12)(4,5)(8,9)(10,11),
(1,12)(2,3)(4,5)(6,7) ],
[ (), (2,3)(4,5)(6,7)(10,11), (1,12)(4,5)(6,7)(8,9),
(1,12)(2,3)(8,9)(10,11) ],
[ (), (2,3)(4,5)(6,7)(8,9), (1,12)(6,7)(8,9)(10,11),
(1,12)(2,3)(4,5)(10,11) ] ],
[ [ (), (4,5)(6,7)(8,9)(10,11), (1,12)(2,3)(8,9)(10,11),
(1,12)(2,3)(4,5)(6,7) ],
[ (), (2,3)(6,7)(8,9)(10,11), (1,12)(4,5)(6,7)(8,9),
(1,12)(2,3)(4,5)(10,11) ],
[ (), (2,3)(4,5)(6,7)(10,11), (1,12)(6,7)(8,9)(10,11),
(1,12)(2,3)(4,5)(8,9) ],
[ (), (2,3)(4,5)(6,7)(8,9), (1,12)(4,5)(8,9)(10,11),
(1,12)(2,3)(6,7)(10,11) ] ] ]
gap> List(List(GcsHNPtrueC2xC2DD1,Elements),x->List(x,Elements));
[ [ [ (), (2,8)(3,9)(4,10)(5,11), (1,7)(4,10)(5,11)(6,12),
(1,7)(2,8)(3,9)(6,12) ],
[ (), (2,8)(3,9)(4,11)(5,10), (1,6)(4,11)(5,10)(7,12),
(1,6)(2,8)(3,9)(7,12) ],
[ (), (2,9)(3,8)(4,10)(5,11), (1,6)(4,10)(5,11)(7,12),
(1,6)(2,9)(3,8)(7,12) ],
[ (), (2,9)(3,8)(4,11)(5,10), (1,7)(4,11)(5,10)(6,12),
(1,7)(2,9)(3,8)(6,12) ] ],
[ [ (), (2,8)(3,9)(4,10)(5,11), (1,6)(4,10)(5,11)(7,12),
(1,6)(2,8)(3,9)(7,12) ],
[ (), (2,8)(3,9)(4,11)(5,10), (1,7)(4,11)(5,10)(6,12),
(1,7)(2,8)(3,9)(6,12) ],
[ (), (2,9)(3,8)(4,10)(5,11), (1,7)(4,10)(5,11)(6,12),
(1,7)(2,9)(3,8)(6,12) ],
[ (), (2,9)(3,8)(4,11)(5,10), (1,6)(4,11)(5,10)(7,12),
(1,6)(2,9)(3,8)(7,12) ] ] ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2DD1,Representative),
> x->StructureDescription(Normalizer(G,x))));
[ [ "C2 x ((C2 x C2 x C2 x C2) : C3)", 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2DD1,Representative),
> x->StructureDescription(Normalizer(G,x))));
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[ [ "C2 x ((C2 x C2 x C2 x C2) : C3)", 2 ] ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2DD1,Representative),
> x->IdSmallGroup(Normalizer(G,x))));
[ [ [ 96, 229 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2DD1,Representative),
> x->IdSmallGroup(Normalizer(G,x))));
[ [ [ 96, 229 ], 2 ] ]
gap> Collected(List(List(GcsHNPfalse222222C2xC2DD1,Representative),
> x->SortedList(List(Orbits(Normalizer(G,x)),Length))));
[ [ [ 6, 6 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2DD1,Representative),
> x->SortedList(List(Orbits(Normalizer(G,x)),Length))));
[ [ [ 12 ], 2 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
1
gap> GcsHNPfalseG16_3:=Filtered(GcsHNPfalse, # G(16,3)=(C4xC2):C2
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPfalseG16_3);
9
gap> Sum(GcsHNPfalseG16_3,Size);
54
gap> GcsHNPtrueG16_3:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPtrueG16_3);
3
gap> Sum(GcsHNPtrueG16_3,Size);
18
gap> IsInvariantUnderAutG(GcsHNPtrueG16_3);
false
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ], [ [ 2, 4, 4 ], 3 ], [ [ 4, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> GcsHNPfalse2244G16_3:=Filtered(GcsHNPfalseG16_3,
> x->SortedList(List(Orbits(Representative(x)),Length))=[2,2,4,4]);;
gap> Length(GcsHNPfalse2244G16_3);
3
gap> Sum(GcsHNPfalse2244G16_3,Size);
18
gap> Collected(List(List(GcsHNPfalse2244G16_3,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 16, 16, 4, 4, 2, 1, 1 ], 1 ], [ [ 16, 16, 8, 4, 2, 1, 1 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 16, 16, 4, 4, 2, 1, 1 ], 1 ], [ [ 16, 16, 8, 4, 2, 1, 1 ], 2 ] ]
gap> Collected(List(List(GcsHNPfalse2244G16_3,Representative),
> x->SortedList(List(Orbits(Normalizer(G,x)),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->SortedList(List(Orbits(Normalizer(G,x)),Length))));
[ [ [ 4, 4, 4 ], 3 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,4]); # G(16,4)=C4:C4
1
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[32,2]); # G(32,2)=(C4xC2):C4
2
gap> Number(GcstrueMin,x->IdSmallGroup(Representative(x))=[32,2]);
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2
(2-1-12) G = 12T 188 ≃ (C2)6 ⋊A4(6) ≃ C2 ≀A4(6).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,188);
[2^6]A_4=2wrA_4(6)
gap> GeneratorsOfGroup(G);
[ (1,12), (2,8)(3,9)(4,10)(5,11), (1,5,9)(2,6,10)(3,7,11)(4,8,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,8)(3,9)(4,10)(5,11), (6,7), (2,3), (4,5) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2, 2, 2 ],
[ [ 2, 2, 2, 2 ], [ [ 1, 0, 1, 0 ], [ 0, 1, 1, 0 ], [ 0, 0, 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2, 2 ], [ [ 2, 2, 2, 2 ], [ [ 1, 0, 1, 0 ], [ 0, 1, 1, 0 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->Number(FirstObstructionDr(G,x,H).Dr[2][2],y->y[4]=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
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gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 189 ], [ [ false ], 882 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
882
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
189
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2 x C2) : C2", 39 ], [ "(C2 x C2 x C2 x C2) : C3", 1 ],
[ "(C4 x C2 x C2) : C2", 4 ], [ "(C4 x C2) : C2", 35 ],
[ "(C4 x C4) : C2", 1 ], [ "1", 1 ], [ "A4", 6 ], [ "C2", 14 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 16 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 3 ], [ "C2 x ((C4 x C2) : C2)", 24 ],
[ "C2 x A4", 16 ], [ "C2 x C2", 101 ],
[ "C2 x C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "C2 x C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ],
[ "C2 x C2 x ((C4 x C2) : C2)", 3 ], [ "C2 x C2 x A4", 5 ],
[ "C2 x C2 x C2", 193 ], [ "C2 x C2 x C2 x C2", 87 ],
[ "C2 x C2 x C2 x C2 x C2", 12 ], [ "C2 x C2 x C2 x C2 x C2 x C2", 1 ],
[ "C2 x C2 x C2 x D8", 3 ], [ "C2 x C2 x D8", 42 ], [ "C2 x D8", 128 ],
[ "C3", 1 ], [ "C4", 9 ], [ "C4 : C4", 2 ], [ "C4 x C2", 36 ],
[ "C4 x C2 x C2", 23 ], [ "C4 x C2 x C2 x C2", 3 ], [ "C4 x C4", 1 ],
[ "C4 x D8", 2 ], [ "C6", 3 ], [ "C6 x C2", 1 ], [ "D8", 63 ],
[ "D8 x D8", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : C2) : C3", 1 ],
[ "(((C2 x (C4 : C4)) : C2) : C2) : C3", 1 ],
[ "(((C4 x C2) : C4) : C2) : 1", 1 ],
[ "((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : 1", 6 ],
[ "((C2 x ((C4 x C2) : C2)) : C2) : 1", 11 ],
[ "((C2 x (C4 : C4)) : C2) : 1", 4 ], [ "((C2 x (C4 : C4)) : C2) : C3", 2 ],
[ "((C2 x C2 x ((C4 x C2) : C2)) : C2) : 1", 2 ],
[ "((C2 x C2 x C2 x C2) : C2) : C3", 2 ],
[ "((C2 x C2 x C2 x D8) : C2) : 1", 1 ], [ "((C2 x C2 x D8) : C2) : 1", 6 ],
[ "((C2 x D8 x D8) : C2) : 1", 1 ], [ "((C4 x C2 x C2 x C2) : C2) : 1", 2 ],
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[ "((C4 x C2) : C4) : C3", 2 ], [ "((C4 x C4 x C2) : C2) : 1", 1 ],
[ "((C4 x C4) : C2) : C3", 2 ], [ "(C2 x C2 x C2 x C2) : C2", 11 ],
[ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "(C4 x C2 x C2) : C2", 14 ],
[ "(C4 x C2) : C2", 8 ], [ "(C4 x C2) : C4", 6 ], [ "(C4 x C4) : C2", 5 ],
[ "(C4 x C4) : C3", 1 ], [ "A4", 1 ],
[ "C2 x (((C2 x C2 x C2 x C2) : C2) : C3)", 1 ],
[ "C2 x (((C4 x C4) : C2) : C3)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 4 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ],
[ "C2 x ((C4 x C2 x C2) : C2)", 5 ], [ "C2 x ((C4 x C2) : C2)", 8 ],
[ "C2 x ((C4 x C4) : C2)", 2 ], [ "C2 x ((C4 x C4) : C3)", 1 ],
[ "C2 x (C4 : C4)", 3 ], [ "C2 x A4", 1 ], [ "C2 x C2", 1 ],
[ "C2 x C2 x C2", 3 ], [ "C2 x C2 x C2 x C2", 3 ],
[ "C2 x C2 x C2 x C2 x C2", 1 ], [ "C2 x C2 x C2 x D8", 1 ],
[ "C2 x C2 x D8", 11 ], [ "C2 x C4 x D8", 2 ], [ "C2 x D8", 18 ],
[ "C2 x D8 x D8", 1 ], [ "C4 : C4", 3 ], [ "C4 x ((C4 x C2) : C2)", 1 ],
[ "C4 x C2", 1 ], [ "C4 x C2 x C2", 3 ], [ "C4 x C2 x C2 x C2", 1 ],
[ "C4 x C4", 2 ], [ "C4 x C4 x C2", 2 ], [ "C4 x D8", 6 ], [ "D8", 3 ],
[ "D8 x D8", 7 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 8 ], [ "(C4 x C2) : C4", 6 ], [ "C2 x C2", 1 ],
[ "C4 : C4", 3 ], [ "C4 x C2", 1 ], [ "C4 x C4", 2 ], [ "D8", 3 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 1 ], [ [ 8, 2 ], 1 ], [ [ 8, 3 ], 3 ], [ [ 16, 2 ], 2 ],
[ [ 16, 3 ], 8 ], [ [ 16, 4 ], 3 ], [ [ 32, 2 ], 6 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
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gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2 ], 2 ], [ [ 2, 2, 2 ], 10 ], [ [ 2, 2, 2, 2 ], 20 ],
[ [ 2, 2, 2, 2, 2 ], 25 ], [ [ 2, 2, 2, 2, 2, 2 ], 20 ],
[ [ 2, 2, 2, 2, 4 ], 9 ], [ [ 2, 2, 2, 4 ], 4 ], [ [ 2, 2, 4 ], 2 ],
[ [ 2, 2, 4, 4 ], 5 ], [ [ 2, 4, 4 ], 2 ], [ [ 4, 4 ], 1 ],
[ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,IdSmallGroup);
[ [ 768, 1084555 ], [ 384, 5863 ], [ 256, 51978 ], [ 64, 211 ],
[ 128, 1411 ], [ 64, 267 ], [ 64, 202 ], [ 16, 14 ], [ 32, 51 ],
[ 32, 51 ], [ 32, 21 ], [ 8, 5 ], [ 2, 1 ], [ 4, 2 ], [ 1, 1 ] ]
gap> E64:=ChG[6];
Group([ (1,12)(4,5)(6,7)(10,11), (2,3)(4,5)(8,9)(10,11), (1,12)(4,5)(8,9)
(10,11), (4,5)(10,11), (1,12)(4,5), (1,12) ])
gap> StructureDescription(E64);
"C2 x C2 x C2 x C2 x C2 x C2"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2 ], 4 ], 2 ], [ [ [ 2, 2, 2 ], 4 ], 10 ],
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[ [ [ 2, 2, 2, 2 ], 4 ], 20 ], [ [ [ 2, 2, 2, 2, 2 ], 2 ], 1 ],
[ [ [ 2, 2, 2, 2, 2 ], 4 ], 24 ], [ [ [ 2, 2, 2, 2, 2, 2 ], 2 ], 3 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], 4 ], 17 ], [ [ [ 2, 2, 2, 2, 4 ], 1 ], 1 ],
[ [ [ 2, 2, 2, 2, 4 ], 2 ], 8 ], [ [ [ 2, 2, 2, 4 ], 2 ], 4 ],
[ [ [ 2, 2, 4 ], 2 ], 2 ], [ [ [ 2, 2, 4, 4 ], 1 ], 1 ],
[ [ [ 2, 2, 4, 4 ], 2 ], 4 ], [ [ [ 2, 4, 4 ], 2 ], 2 ],
[ [ [ 4, 4 ], 2 ], 1 ], [ [ [ 4, 4, 4 ], 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], 1 ], 1 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
36
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 6 ], [ [ 2, 2, 2, 4 ], 2 ], [ [ 2, 2, 4, 4 ], 17 ],
[ [ 2, 4, 4 ], 7 ], [ [ 4, 4 ], 3 ], [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
63
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
3
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 12 ], [ [ 2, 2, 2, 4 ], 6 ], [ [ 2, 2, 4 ], 2 ],
[ [ 2, 2, 4, 4 ], 25 ], [ [ 2, 4, 4 ], 12 ], [ [ 4, 4 ], 3 ],
[ [ 4, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 2 ], [ [ 2, 2, 4, 4 ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> List(ChG,IdSmallGroup);
[ [ 768, 1084555 ], [ 384, 5863 ], [ 256, 51978 ], [ 64, 202 ],
[ 128, 1411 ], [ 64, 267 ], [ 64, 211 ], [ 16, 14 ], [ 32, 51 ],
[ 32, 21 ], [ 32, 51 ], [ 8, 5 ], [ 2, 1 ], [ 4, 2 ], [ 1, 1 ] ]
gap> C4xC4xC2:=ChG[10];
Group([ (1,7,12,6)(4,10,5,11), (2,8,3,9)(4,11,5,10), (1,12)(4,5)(6,7)
(10,11), (2,3)(4,5)(8,9)(10,11), (4,5)(10,11) ])
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),List([E64,C4xC4xC2],
> y->Order(Intersection(y,x)))]));
[ [ [ [ 2, 2, 2, 2, 4 ], [ 4, 2 ] ], 12 ], [ [ [ 2, 2, 2, 4 ], [ 4, 2 ] ], 6 ],
[ [ [ 2, 2, 4 ], [ 4, 2 ] ], 2 ], [ [ [ 2, 2, 4, 4 ], [ 2, 2 ] ], 4 ],
[ [ [ 2, 2, 4, 4 ], [ 4, 2 ] ], 16 ], [ [ [ 2, 2, 4, 4 ], [ 4, 4 ] ], 5 ],
[ [ [ 2, 4, 4 ], [ 4, 2 ] ], 10 ], [ [ [ 2, 4, 4 ], [ 4, 4 ] ], 2 ],
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[ [ [ 4, 4 ], [ 4, 2 ] ], 2 ], [ [ [ 4, 4 ], [ 4, 4 ] ], 1 ],
[ [ [ 4, 4, 4 ], [ 2, 2 ] ], 2 ], [ [ [ 4, 4, 4 ], [ 2, 4 ] ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),List([E64,C4xC4xC2],
> y->Order(Intersection(y,x)))]));
[ [ [ [ 2, 2, 2, 2, 4 ], [ 2, 2 ] ], 2 ],
[ [ [ 2, 2, 4, 4 ], [ 2, 4 ] ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),List([E64,C4xC4xC2],
> y->StructureDescription(Intersection(y,x)))]));
[ [ [ [ 2, 2, 2, 2, 4 ], [ "C2", "C2" ] ], 2 ],
[ [ [ 2, 2, 4, 4 ], [ "C2", "C4" ] ], 1 ] ]
gap> GcsHNPfalseC4xC4:=Filtered(GcsHNPfalse, # G(16,2)=C4xC4
> x->IdSmallGroup(Representative(x))=[16,2]);;
gap> Length(GcsHNPfalseC4xC4);
1
gap> GcsHNPtrueC4xC4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,2]);;
gap> Length(GcsHNPtrueC4xC4);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC4);
false
gap> Collected(List(List(GcsHNPfalseC4xC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ], [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(C4xC4xC2,x))]));
[ [ [ [ 4, 4, 4 ], 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(C4xC4xC2,x))]));
[ [ [ [ 2, 2, 4, 4 ], 8 ], 1 ], [ [ [ 4, 4, 4 ], 16 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(C4xC4xC2,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C4 x C2" ], 1 ], [ [ [ 4, 4, 4 ], "C4 x C4" ], 1 ] ]
gap> GcsHNPfalseG16_3:=Filtered(GcsHNPfalse, # G(16,3)=(C4xC2):C2
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPfalseG16_3);
35
gap> GcsHNPtrueG16_3:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPtrueG16_3);
8
gap> IsInvariantUnderAutG(GcsHNPtrueG16_3);
false
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 18 ], [ [ 2, 4, 4 ], 9 ], [ [ 4, 4 ], 3 ],
[ [ 4, 4, 4 ], 5 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 5 ], [ [ 4, 4, 4 ], 3 ] ]
gap> G64_202:=ChG[4];
Group([ (1,7)(4,10)(5,11)(6,12), (2,8)(3,9)(4,11)(5,10), (1,12)(4,5)(6,7)
(10,11), (2,3)(4,5)(8,9)(10,11), (1,12)(4,5)(8,9), (4,5)(10,11) ])
gap> StructureDescription(G64_202);
"C2 x ((C2 x C2 x C2 x C2) : C2)"
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gap> G128_1411:=ChG[5];
Group([ (1,7)(4,10)(5,11)(6,12), (2,8)(3,9)(4,11)(5,10), (1,12)(4,5)(6,7)
(10,11), (2,3)(4,5)(8,9)(10,11), (8,9)(10,11), (4,5)(10,11), (1,12)(4,5) ])
gap> StructureDescription(G128_1411);
"(C2 x ((C2 x C2 x C2 x C2) : C2)) : C2"
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),List([G64_202,G128_1411,E64],
> y->Order(Intersection(y,x)))]));
[ [ [ [ 2, 2, 4, 4 ], [ 4, 8, 8 ] ], 9 ],
[ [ [ 2, 2, 4, 4 ], [ 4, 16, 8 ] ], 3 ],
[ [ [ 2, 2, 4, 4 ], [ 8, 8, 8 ] ], 6 ],
[ [ [ 2, 4, 4 ], [ 4, 16, 8 ] ], 3 ],
[ [ [ 2, 4, 4 ], [ 8, 8, 8 ] ], 6 ],
[ [ [ 4, 4 ], [ 4, 8, 8 ] ], 3 ],
[ [ [ 4, 4, 4 ], [ 4, 8, 4 ] ], 2 ],
[ [ [ 4, 4, 4 ], [ 8, 16, 4 ] ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),List([G64_202,G128_1411,E64],
> y->Order(Intersection(y,x)))]));
[ [ [ [ 2, 2, 4, 4 ], [ 4, 8, 4 ] ], 2 ],
[ [ [ 2, 2, 4, 4 ], [ 8, 16, 4 ] ], 3 ],
[ [ [ 4, 4, 4 ], [ 8, 8, 4 ] ], 2 ],
[ [ [ 4, 4, 4 ], [ 16, 8, 4 ] ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),List([G64_202,G128_1411,E64],
> y->StructureDescription(Intersection(y,x)))]));
[ [ [ [ 2, 2, 4, 4 ], [ "C2 x C2", "C4 x C2", "C2 x C2" ] ], 2 ],
[ [ [ 2, 2, 4, 4 ], [ "C2 x C2 x C2", "(C4 x C2) : C2", "C2 x C2" ] ], 3 ],
[ [ [ 4, 4, 4 ], [ "(C4 x C2) : C2", "C2 x C2 x C2", "C2 x C2" ] ], 1 ],
[ [ [ 4, 4, 4 ], [ "C4 x C2", "C4 x C2", "C2 x C2" ] ], 2 ] ]
gap> GcsHNPfalseC4xlC4:=Filtered(GcsHNPfalse, # G(16,4)=C4:C4
> x->IdSmallGroup(Representative(x))=[16,4]);;
gap> Length(GcsHNPfalseC4xlC4);
2
gap> GcsHNPtrueC4xlC4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,4]);;
gap> Length(GcsHNPtrueC4xlC4);
3
gap> IsInvariantUnderAutG(GcsHNPtrueC4xlC4);
false
gap> Collected(List(List(GcsHNPfalseC4xlC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xlC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ], [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xlC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(C4xC4xC2,x))]));
[ [ [ [ 4, 4, 4 ], 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xlC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(C4xC4xC2,x))]));
[ [ [ [ 2, 2, 4, 4 ], 4 ], 2 ], [ [ [ 4, 4, 4 ], 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xlC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(C4xC4xC2,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 2 ], [ [ [ 4, 4, 4 ], "C4 x C2" ], 1 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[32,2]); # G(32,2)=(C4xC2):C4
6
gap> Number(GcstrueMin,x->IdSmallGroup(Representative(x))=[32,2]);
6
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(2-1-13) G = 12T 230 ≃ (C2)5 ⋊A5(6).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,230);
[2^5]L(6)
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (1,3,5,7,9)(2,4,6,8,12), (1,11)(2,8)(3,9)(10,12) ]
gap> H:=Stabilizer(G,1);
Group([ (6,7)(8,9), (2,7,5,9,11)(3,6,4,8,10), (4,8)(5,9)(6,10)(7,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 4 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
219
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 47 ], [ [ false ], 172 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
172
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
47
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2 x C2) : C3) : C2", 2 ],
[ "((C2 x C2 x C2 x C2) : C5) : C2", 2 ], [ "(C2 x C2 x C2 x C2) : C2", 5 ]
, [ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "(C2 x C2 x C2 x C2) : C5", 1 ],
[ "(C4 x C2) : C2", 9 ], [ "1", 1 ], [ "A4", 6 ], [ "A5", 2 ],
[ "C10", 1 ], [ "C2", 5 ], [ "C2 x (((C2 x C2 x C2 x C2) : C3) : C2)", 1 ],
[ "C2 x (((C2 x C2 x C2 x C2) : C5) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C5)", 1 ], [ "C2 x ((C4 x C2) : C2)", 3 ],
[ "C2 x A4", 6 ], [ "C2 x A5", 2 ], [ "C2 x C2", 25 ],
[ "C2 x C2 x C2", 24 ], [ "C2 x C2 x C2 x C2", 5 ],
[ "C2 x C2 x C2 x C2 x C2", 1 ], [ "C2 x C2 x D8", 3 ], [ "C2 x D8", 16 ],
[ "C2 x S4", 3 ], [ "C3", 1 ], [ "C4", 4 ], [ "C4 x C2", 10 ],
[ "C4 x C2 x C2", 3 ], [ "C5", 1 ], [ "C6", 1 ], [ "D10", 2 ],
[ "D12", 1 ], [ "D20", 1 ], [ "D8", 12 ], [ "S3", 2 ], [ "S4", 6 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(((C2 x ((C4 x C2) : C2)) : C2) : C2) : C3", 1 ],
[ "((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : 1", 1 ],
[ "((C2 x ((C4 x C2) : C2)) : C2) : 1", 3 ],
[ "((C4 x C2) : C4) : C3", 2 ], [ "(C2 x C2 x C2 x C2 x C2) : A5", 1 ],
[ "(C2 x C2 x C2 x C2) : C2", 3 ], [ "(C2 x C2 x C2 x C2) : C3", 1 ],
[ "(C4 x C2) : C2", 3 ], [ "(C4 x C2) : C4", 2 ], [ "(C4 x C4) : C3", 1 ],
[ "A4", 2 ], [ "A5", 2 ], [ "C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ], [ "C2 x ((C4 x C2) : C2)", 3 ],
[ "C2 x ((C4 x C4) : C3)", 1 ], [ "C2 x (C4 : C4)", 1 ], [ "C2 x A4", 2 ],
[ "C2 x A5", 2 ], [ "C2 x C2", 2 ], [ "C2 x C2 x C2", 5 ],
[ "C2 x C2 x C2 x C2", 3 ], [ "C2 x C2 x C2 x C2 x C2", 1 ],
[ "C4 : C4", 1 ], [ "C4 x C4", 1 ], [ "C4 x C4 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 107
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 3 ], [ "(C4 x C2) : C4", 2 ], [ "C2 x C2", 2 ],
[ "C4 : C4", 1 ], [ "C4 x C4", 1 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 2 ], [ [ 16, 2 ], 1 ], [ [ 16, 3 ], 3 ], [ [ 16, 4 ], 1 ],
[ [ 32, 2 ], 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
25
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2 ], 2 ], [ [ 2, 2, 2, 2 ], 2 ], [ [ 2, 2, 2, 2, 2 ], 2 ],
[ [ 2, 2, 2, 2, 2, 2 ], 4 ], [ [ 2, 2, 2, 2, 4 ], 6 ], [ [ 2, 2, 4 ], 2 ],
[ [ 2, 2, 4, 4 ], 4 ], [ [ 4, 4 ], 1 ], [ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 2 ] ]
gap> ChG:=CharacteristicSubgroups(G);
[ Group(()), Group([ (1,12)(2,3)(4,5)(6,7)(8,9)(10,11) ]),
Group([ (6,7)(8,9), (8,9)(10,11), (1,12)(8,9), (1,12)(2,3), (4,5)(10,11) ]),
[2^5]L(6) ]
gap> List(ChG,IdSmallGroup);
[ [ 1, 1 ], [ 2, 1 ], [ 32, 51 ], [ 1920, 240998 ] ]
gap> E32:=ChG[3];
Group([ (6,7)(8,9), (8,9)(10,11), (1,12)(8,9), (1,12)(2,3), (4,5)(10,11) ])
gap> StructureDescription(E32);
"C2 x C2 x C2 x C2 x C2"
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E32,x))]));
[ [ [ [ 2, 2, 2 ], 4 ], 2 ], [ [ [ 2, 2, 2, 2 ], 4 ], 2 ],
[ [ [ 2, 2, 2, 2, 2 ], 4 ], 2 ], [ [ [ 2, 2, 2, 2, 2, 2 ], 2 ], 1 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], 4 ], 3 ], [ [ [ 2, 2, 2, 2, 4 ], 1 ], 2 ],
[ [ [ 2, 2, 2, 2, 4 ], 2 ], 4 ], [ [ [ 2, 2, 4 ], 2 ], 2 ],
[ [ [ 2, 2, 4, 4 ], 1 ], 2 ], [ [ [ 2, 2, 4, 4 ], 2 ], 2 ],
[ [ [ 4, 4 ], 2 ], 1 ], [ [ [ 4, 4, 4 ], 1 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E32,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], 1 ], 2 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,2]); # G(16,2)=C4xC4
1
gap> GcsHNPfalseG16_3:=Filtered(GcsHNPfalse, # G(16,3)=(C4xC2):C2
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPfalseG16_3);
9
gap> GcsHNPtrueG16_3:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPtrueG16_3);
3
gap> IsInvariantUnderAutG(GcsHNPtrueG16_3);
false
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gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ], [ [ 2, 4, 4 ], 3 ], [ [ 4, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E32,x))]));
[ [ [ [ 2, 2, 4, 4 ], 8 ], 3 ], [ [ [ 2, 4, 4 ], 8 ], 3 ],
[ [ [ 4, 4, 4 ], 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E32,x))]));
[ [ [ [ 2, 2, 4, 4 ], 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(E32,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2" ], 3 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[16,4]); # G(16,4)=C4:C4
1
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[32,2]); # G(32,2)=(C4xC2):C4
2
gap> Number(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))=[32,2]);
2
(2-1-14) G = 12T 255 ≃ (C2)6 ⋊A5(6) ≃ C2 ≀A5(6).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,255);
[2^6]L(6)=2wrL(6)
gap> GeneratorsOfGroup(G);
[ (1,12), (1,3,5,7,9)(2,4,6,8,12), (1,11)(2,8)(3,9)(10,12) ]
gap> H:=Stabilizer(G,1);
Group([ (6,7), (2,6,4,8,10)(3,7,5,9,11), (4,8)(5,9)(6,10)(7,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 0 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
963
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 193 ], [ [ false ], 770 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
770
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
193
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2 x C2) : C3) : C2", 4 ],
[ "((C2 x C2 x C2 x C2) : C5) : C2", 4 ], [ "(C2 x C2 x C2 x C2) : C2", 39 ],
[ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "(C2 x C2 x C2 x C2) : C5", 1 ],
[ "(C4 x C2 x C2) : C2", 4 ], [ "(C4 x C2) : C2", 35 ],
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[ "(C4 x C4) : C2", 1 ], [ "1", 1 ], [ "A4", 5 ], [ "A5", 1 ],
[ "C10", 3 ], [ "C10 x C2", 1 ], [ "C2", 10 ],
[ "C2 x (((C2 x C2 x C2 x C2) : C3) : C2)", 6 ],
[ "C2 x (((C2 x C2 x C2 x C2) : C5) : C2)", 6 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 16 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 3 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C5)", 3 ], [ "C2 x ((C4 x C2) : C2)", 24 ],
[ "C2 x A4", 13 ], [ "C2 x A5", 1 ], [ "C2 x C2", 56 ],
[ "C2 x C2 x (((C2 x C2 x C2 x C2) : C3) : C2)", 1 ],
[ "C2 x C2 x (((C2 x C2 x C2 x C2) : C5) : C2)", 1 ],
[ "C2 x C2 x ((C2 x C2 x C2 x C2) : C2)", 1 ],
[ "C2 x C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ],
[ "C2 x C2 x ((C2 x C2 x C2 x C2) : C5)", 1 ],
[ "C2 x C2 x ((C4 x C2) : C2)", 3 ], [ "C2 x C2 x A4", 4 ],
[ "C2 x C2 x C2", 95 ], [ "C2 x C2 x C2 x C2", 42 ],
[ "C2 x C2 x C2 x C2 x C2", 8 ], [ "C2 x C2 x C2 x C2 x C2 x C2", 1 ],
[ "C2 x C2 x C2 x D8", 3 ], [ "C2 x C2 x D10", 1 ], [ "C2 x C2 x D8", 42 ],
[ "C2 x C2 x S3", 1 ], [ "C2 x C2 x S4", 3 ], [ "C2 x D8", 128 ],
[ "C2 x S4", 18 ], [ "C3", 1 ], [ "C4", 9 ], [ "C4 : C4", 2 ],
[ "C4 x C2", 36 ], [ "C4 x C2 x C2", 23 ], [ "C4 x C2 x C2 x C2", 3 ],
[ "C4 x C4", 1 ], [ "C4 x D8", 2 ], [ "C5", 1 ], [ "C6", 3 ],
[ "C6 x C2", 1 ], [ "D10", 4 ], [ "D12", 6 ], [ "D20", 6 ], [ "D8", 63 ],
[ "D8 x D8", 1 ], [ "S3", 4 ], [ "S4", 12 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : C2) : C3", 1 ],
[ "(((C4 x C2) : C4) : C2) : 1", 4 ], [ "(((C4 x C2) : C4) : C2) : C3", 2 ],
[ "((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : 1", 6 ],
[ "((C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : C3", 1 ],
[ "((C2 x ((C4 x C2 x C2) : C2)) : C2) : 1", 1 ],
[ "((C2 x ((C4 x C2) : C2)) : C2) : 1", 16 ],
[ "((C2 x (C4 : C4)) : C2) : 1", 2 ],
[ "((C2 x C2 x ((C2 x C2 x C2 x C2) : C2)) : C2) : 1", 1 ],
[ "((C2 x C2 x ((C4 x C2) : C2)) : C2) : 1", 1 ],
[ "((C2 x C2 x C2 x C2 x C2) : A5) : C2", 1 ],
[ "((C2 x C2 x C2 x C2) : C2) : C3", 2 ], [ "((C2 x C2 x D8) : C2) : 1", 2 ],
[ "((C2 x C4 x D8) : C2) : 1", 1 ],
[ "((C4 x C2 x C2 x C2) : C2) : 1", 1 ], [ "((C4 x C2) : C4) : C3", 2 ],
[ "((C4 x C4) : C2) : C3", 2 ], [ "(C2 x C2 x C2 x C2 x C2) : A5", 1 ],
[ "(C2 x C2 x C2 x C2) : C2", 11 ], [ "(C2 x C2 x C2 x C2) : C3", 1 ],
[ "(C4 x C2 x C2) : C2", 14 ], [ "(C4 x C2) : C2", 8 ],
[ "(C4 x C2) : C4", 6 ], [ "(C4 x C4) : C2", 5 ], [ "(C4 x C4) : C3", 1 ],
[ "A4", 1 ], [ "A5", 1 ], [ "C2 x (((C2 x C2 x C2 x C2) : C2) : C3)", 1 ],
[ "C2 x (((C4 x C4) : C2) : C3)", 1 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C2)", 4 ],
[ "C2 x ((C2 x C2 x C2 x C2) : C3)", 1 ],
[ "C2 x ((C4 x C2 x C2) : C2)", 5 ], [ "C2 x ((C4 x C2) : C2)", 8 ],
[ "C2 x ((C4 x C4) : C2)", 2 ], [ "C2 x ((C4 x C4) : C3)", 1 ],
[ "C2 x (C4 : C4)", 3 ], [ "C2 x A4", 1 ], [ "C2 x A5", 1 ],
[ "C2 x C2", 1 ], [ "C2 x C2 x C2", 3 ], [ "C2 x C2 x C2 x C2", 3 ],
[ "C2 x C2 x C2 x C2 x C2", 1 ], [ "C2 x C2 x C2 x D8", 1 ],
[ "C2 x C2 x D8", 11 ], [ "C2 x C4 x D8", 2 ], [ "C2 x D8", 18 ],
[ "C2 x D8 x D8", 1 ], [ "C4 : C4", 3 ], [ "C4 x ((C4 x C2) : C2)", 1 ],
[ "C4 x C2", 1 ], [ "C4 x C2 x C2", 3 ], [ "C4 x C2 x C2 x C2", 1 ],
[ "C4 x C4", 2 ], [ "C4 x C4 x C2", 2 ], [ "C4 x D8", 6 ], [ "D8", 3 ],
[ "D8 x D8", 7 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "(C4 x C2) : C2", 8 ], [ "(C4 x C2) : C4", 6 ], [ "C2 x C2", 1 ],
[ "C4 : C4", 3 ], [ "C4 x C2", 1 ], [ "C4 x C4", 2 ], [ "D8", 3 ] ]
gap> Collected(List(GcsHNPtrueMin,x->IdSmallGroup(Representative(x))));
[ [ [ 4, 2 ], 1 ], [ [ 8, 2 ], 1 ], [ [ 8, 3 ], 3 ], [ [ 16, 2 ], 2 ],
[ [ 16, 3 ], 8 ], [ [ 16, 4 ], 3 ], [ [ 32, 2 ], 6 ] ]
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gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
56
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2 ], 1 ], [ [ 2, 2, 2 ], 4 ], [ [ 2, 2, 2, 2 ], 7 ],
[ [ 2, 2, 2, 2, 2 ], 9 ], [ [ 2, 2, 2, 2, 2, 2 ], 11 ],
[ [ 2, 2, 2, 2, 4 ], 9 ], [ [ 2, 2, 2, 4 ], 4 ], [ [ 2, 2, 4 ], 2 ],
[ [ 2, 2, 4, 4 ], 5 ], [ [ 2, 4, 4 ], 2 ], [ [ 4, 4 ], 1 ],
[ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> ChG:=CharacteristicSubgroups(G);;
gap> ChG=NormalSubgroups(G);
true
gap> List(ChG,Order);
[ 1, 2, 32, 1920, 64, 3840 ]
gap> List(ChG,StructureDescription);
[ "1", "C2", "C2 x C2 x C2 x C2 x C2", "(C2 x C2 x C2 x C2 x C2) : A5",
"C2 x C2 x C2 x C2 x C2 x C2", "((C2 x C2 x C2 x C2 x C2) : A5) : C2" ]
gap> E64:=ChG[5];
C2 x C2 x C2 x C2 x C2 x C2
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2 ], 4 ], 1 ], [ [ [ 2, 2, 2 ], 4 ], 4 ],
[ [ [ 2, 2, 2, 2 ], 4 ], 7 ], [ [ [ 2, 2, 2, 2, 2 ], 2 ], 1 ],
[ [ [ 2, 2, 2, 2, 2 ], 4 ], 8 ], [ [ [ 2, 2, 2, 2, 2, 2 ], 2 ], 3 ],
[ [ [ 2, 2, 2, 2, 2, 2 ], 4 ], 8 ], [ [ [ 2, 2, 2, 2, 4 ], 1 ], 1 ],
[ [ [ 2, 2, 2, 2, 4 ], 2 ], 8 ], [ [ [ 2, 2, 2, 4 ], 2 ], 4 ],
[ [ [ 2, 2, 4 ], 2 ], 2 ], [ [ [ 2, 2, 4, 4 ], 1 ], 1 ],
[ [ [ 2, 2, 4, 4 ], 2 ], 4 ], [ [ [ 2, 4, 4 ], 2 ], 2 ],
[ [ [ 4, 4 ], 2 ], 1 ], [ [ [ 4, 4, 4 ], 1 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 2, 2 ], 1 ], 1 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
36
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
1
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 6 ], [ [ 2, 2, 2, 4 ], 2 ], [ [ 2, 2, 4, 4 ], 17 ],
[ [ 2, 4, 4 ], 7 ], [ [ 4, 4 ], 3 ], [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
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> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 4 ], 6 ], [ [ [ 2, 2, 2, 4 ], 4 ], 2 ],
[ [ [ 2, 2, 4, 4 ], 2 ], 2 ], [ [ [ 2, 2, 4, 4 ], 4 ], 15 ],
[ [ [ 2, 4, 4 ], 4 ], 7 ], [ [ [ 4, 4 ], 4 ], 3 ],
[ [ [ 4, 4, 4 ], 2 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 2 ], 1 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
63
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
3
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 4 ], 12 ], [ [ [ 2, 2, 2, 4 ], 4 ], 6 ],
[ [ [ 2, 2, 4 ], 4 ], 2 ], [ [ [ 2, 2, 4, 4 ], 2 ], 4 ],
[ [ [ 2, 2, 4, 4 ], 4 ], 21 ], [ [ [ 2, 4, 4 ], 4 ], 12 ],
[ [ [ 4, 4 ], 4 ], 3 ], [ [ [ 4, 4, 4 ], 2 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 2 ], 2 ], [ [ [ 2, 2, 4, 4 ], 2 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 4 ], 12 ], [ [ [ 2, 2, 2, 4 ], 4 ], 6 ],
[ [ [ 2, 2, 4 ], 4 ], 2 ], [ [ [ 2, 2, 4, 4 ], 2 ], 4 ],
[ [ [ 2, 2, 4, 4 ], 4 ], 21 ], [ [ [ 2, 4, 4 ], 4 ], 12 ],
[ [ [ 4, 4 ], 4 ], 3 ], [ [ [ 4, 4, 4 ], 2 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 2 ], 2 ], [ [ [ 2, 2, 4, 4 ], 2 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->List(ChG,y->Order(Intersection(y,x)))));
[ [ [ 1, 1, 2, 4, 2, 8 ], 7 ], [ [ 1, 1, 2, 4, 4, 8 ], 32 ],
[ [ 1, 1, 4, 4, 4, 8 ], 12 ], [ [ 1, 1, 4, 8, 4, 8 ], 12 ] ]
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x)),
> Order(Normalizer(G,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 4, 64 ], 6 ], [ [ [ 2, 2, 2, 2, 4 ], 4, 128 ], 6 ],
[ [ [ 2, 2, 2, 4 ], 4, 64 ], 6 ], [ [ [ 2, 2, 4 ], 4, 128 ], 2 ],
[ [ [ 2, 2, 4, 4 ], 2, 64 ], 4 ], [ [ [ 2, 2, 4, 4 ], 4, 64 ], 15 ],
[ [ [ 2, 2, 4, 4 ], 4, 128 ], 6 ], [ [ [ 2, 4, 4 ], 4, 64 ], 12 ],
[ [ [ 4, 4 ], 4, 64 ], 1 ], [ [ [ 4, 4 ], 4, 128 ], 2 ],
[ [ [ 4, 4, 4 ], 2, 32 ], 1 ], [ [ [ 4, 4, 4 ], 2, 64 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x)),
> Order(Normalizer(G,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 2, 64 ], 2 ], [ [ [ 2, 2, 4, 4 ], 2, 32 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x)),
> StructureDescription(Normalizer(G,x))]));
[ [ [ [ 2, 2, 2, 2, 4 ], 2, "C2 x C2 x C2 x D8" ], 2 ],
[ [ [ 2, 2, 4, 4 ], 2, "C2 x C2 x D8" ], 1 ] ]
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gap> GcsHNPfalseC4xC4:=Filtered(GcsHNPfalse, # G(16,2)=C4xC4
> x->Order(Representative(x))=16 and IdSmallGroup(Representative(x))=[16,2]);;
gap> Length(GcsHNPfalseC4xC4);
1
gap> GcsHNPtrueC4xC4:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=16 and IdSmallGroup(Representative(x))=[16,2]);;
gap> Length(GcsHNPtrueC4xC4);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC4);
false
gap> Collected(List(List(GcsHNPfalseC4xC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ], [ [ 4, 4, 4 ], 1 ] ]
gap> DG:=DerivedSubgroup(G);
Group([ (1,12)(2,3), (1,12)(10,11), (1,3,9,11,5)(2,8,10,4,12), (1,11,7,2,5)
(3,4,12,10,6) ])
gap> StructureDescription(DG);
"(C2 x C2 x C2 x C2 x C2) : A5"
gap> Collected(List(List(GcsHNPfalseC4xC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(DG,x))]));
[ [ [ [ 4, 4, 4 ], 8 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], 8 ], 1 ], [ [ [ 4, 4, 4 ], 16 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C4 x C2" ], 1 ], [ [ [ 4, 4, 4 ], "C4 x C4" ], 1 ] ]
gap> GcsHNPfalseG16_3:=Filtered(GcsHNPfalse, # G(16,3)=(C4xC2):C2
> x->Order(Representative(x))=16 and IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPfalseG16_3);
35
gap> GcsHNPtrueG16_3:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=16 and IdSmallGroup(Representative(x))=[16,3]);;
gap> Length(GcsHNPtrueG16_3);
8
gap> IsInvariantUnderAutG(GcsHNPtrueG16_3);
false
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 18 ], [ [ 2, 4, 4 ], 9 ], [ [ 4, 4 ], 3 ],
[ [ 4, 4, 4 ], 5 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 5 ], [ [ 4, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),List(ChG,
> y->Order(Intersection(y,x)))]));
[ [ [ [ 2, 2, 4, 4 ], [ 1, 1, 4, 8, 8, 16 ] ], 10 ],
[ [ [ 2, 2, 4, 4 ], [ 1, 1, 8, 8, 8, 16 ] ], 5 ],
[ [ [ 2, 2, 4, 4 ], [ 1, 1, 8, 16, 8, 16 ] ], 3 ],
[ [ [ 2, 4, 4 ], [ 1, 1, 4, 8, 8, 16 ] ], 4 ],
[ [ [ 2, 4, 4 ], [ 1, 1, 8, 8, 8, 16 ] ], 2 ],
[ [ [ 2, 4, 4 ], [ 1, 1, 8, 16, 8, 16 ] ], 3 ],
[ [ [ 4, 4 ], [ 1, 1, 4, 8, 8, 16 ] ], 2 ],
[ [ [ 4, 4 ], [ 1, 1, 8, 8, 8, 16 ] ], 1 ],
[ [ [ 4, 4, 4 ], [ 1, 1, 4, 8, 4, 16 ] ], 2 ],
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[ [ [ 4, 4, 4 ], [ 1, 1, 4, 16, 4, 16 ] ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),List(ChG,
> y->Order(Intersection(y,x)))]));
[ [ [ [ 2, 2, 4, 4 ], [ 1, 1, 4, 8, 4, 16 ] ], 2 ],
[ [ [ 2, 2, 4, 4 ], [ 1, 1, 4, 16, 4, 16 ] ], 3 ],
[ [ [ 4, 4, 4 ], [ 1, 1, 4, 8, 4, 16 ] ], 1 ],
[ [ [ 4, 4, 4 ], [ 1, 2, 4, 8, 4, 16 ] ], 2 ] ]
gap> Collected(List(List(GcsHNPfalseG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x)),
> Order(Normalizer(G,x))]));
[ [ [ [ 2, 2, 4, 4 ], 8, 128 ], 9 ], [ [ [ 2, 2, 4, 4 ], 8, 256 ], 9 ],
[ [ [ 2, 4, 4 ], 8, 128 ], 9 ], [ [ [ 4, 4 ], 8, 256 ], 3 ],
[ [ [ 4, 4, 4 ], 4, 128 ], 5 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(E64,x)),
> Order(Normalizer(G,x))]));
[ [ [ [ 2, 2, 4, 4 ], 4, 128 ], 5 ], [ [ [ 4, 4, 4 ], 4, 64 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueG16_3,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(E64,x)),
> StructureDescription(Normalizer(G,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C2 x C2", "C2 x D8 x D8" ], 5 ],
[ [ [ 4, 4, 4 ], "C2 x C2", "C2 x ((C2 x C2 x C2 x C2) : C2)" ], 1 ],
[ [ [ 4, 4, 4 ], "C2 x C2", "C2 x ((C4 x C2 x C2) : C2)" ], 2 ] ]
gap> GcsHNPfalseC4xlC4:=Filtered(GcsHNPfalse, # G(16,4)=C4:C4
> x->Order(Representative(x))=16 and IdSmallGroup(Representative(x))=[16,4]);;
gap> Length(GcsHNPfalseC4xlC4);
2
gap> GcsHNPtrueC4xlC4:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=16 and IdSmallGroup(Representative(x))=[16,4]);;
gap> Length(GcsHNPtrueC4xlC4);
3
gap> IsInvariantUnderAutG(GcsHNPtrueC4xlC4);
false
gap> Collected(List(List(GcsHNPfalseC4xlC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xlC4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ], [ [ 4, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalseC4xlC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(DG,x))]));
[ [ [ [ 4, 4, 4 ], 8 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC4xlC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),Order(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], 8 ], 2 ], [ [ [ 4, 4, 4 ], 16 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xlC4,Representative),
> x->[SortedList(List(Orbits(x),Length)),
> StructureDescription(Intersection(DG,x))]));
[ [ [ [ 2, 2, 4, 4 ], "C4 x C2" ], 2 ], [ [ [ 4, 4, 4 ], "C4 : C4" ], 1 ] ]
gap> Number(List(Gcs,Representative), # G(32,2)=(C4xC2):C4
> x->Order(Representative(x))=32 and IdSmallGroup(x)=[32,2]);
6
gap> Number(List(GcsHNPtrueMin,Representative),
> x->Order(Representative(x))=32 and IdSmallGroup(x)=[32,2]);
6
Example 7.5 (G = 12Tm (m = 10, 37, 77, 210, 214, 242, 271)).
(2-2-1) G = 12T 10 ≃ S3 × V4.
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gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,10);
S(3)[x]E(4)
gap> GeneratorsOfGroup(G);
[ (1,5,9)(2,6,10)(3,7,11)(4,8,12), (1,5)(2,10)(4,8)(7,11),
(1,10)(2,5)(3,12)(4,7)(6,9)(8,11), (1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,6)(3,11)(5,9)(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 2 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ ]
[ 2 ][ 2 ]
gap> cG:=cGs[6];
rec( MinimalStemExtension := <permutation group of size 48 with 5 generators>,
epi := [ (1,6)(2,10)(3,14)(4,16)(5,17)(7,21)(8,23)(9,24)(11,27)(12,29)(13,
30)(15,31)(18,34)(19,36)(20,37)(22,38)(25,40)(26,41)(28,42)(32,44)(33,
45)(35,46)(39,47)(43,48), (1,4)(2,8)(3,12)(5,16)(6,15)(7,19)(9,23)(10,
22)(11,25)(13,29)(14,28)(17,31)(18,32)(20,36)(21,35)(24,38)(26,40)(27,
39)(30,42)(33,44)(34,43)(37,46)(41,47)(45,48),
(1,2)(3,18)(4,8)(5,9)(6,10)(7,11)(12,32)(13,33)(14,34)(15,22)(16,23)(17,
24)(19,25)(20,26)(21,27)(28,43)(29,44)(30,45)(31,38)(35,39)(36,40)(37,
41)(42,48)(46,47), (1,11,3)(2,18,7)(4,25,12)(5,26,13)(6,27,14)(8,32,
19)(9,33,20)(10,34,21)(15,39,28)(16,40,29)(17,41,30)(22,43,35)(23,44,
36)(24,45,37)(31,47,42)(38,48,46) ] ->
[ (1,7)(2,8)(3,9)(4,10)(5,11)(6,12), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(2,6)(3,11)(5,9)(8,12), (1,5,9)(2,6,10)(3,7,11)(4,8,12) ] )
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 48 with 5 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 4 with 2 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
32
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 10 ], [ [ false ], 22 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
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gap> Length(GcsHNPfalse);
22
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
10
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 7 ], [ "C2 x C2", 3 ], [ "C3", 1 ], [ "C6", 3 ],
[ "D12", 3 ], [ "S3", 4 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 4 ], [ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 1 ],
[ "C6 x C2", 1 ], [ "D12", 3 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 4 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
3
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
4
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 4 ] ]
(2-2-2) G = 12T 37 ≃ (S3)2 × C2.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,37);
[3^2:2]E(4)
gap> GeneratorsOfGroup(G);
[ (2,6,10)(4,8,12), (1,5)(2,10)(4,8)(7,11), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(4,8,12), (3,11)(4,12)(5,9)(6,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ ], [ [ 2 ], [ ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2 ][ 2 ]
[ 2 ][ ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[2];;
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gap> bG:=cG.MinimalStemExtension;
<permutation group of size 144 with 6 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 12 with 2 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[1]=[2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
69
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 20 ], [ [ false ], 49 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
49
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
20
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 2 ], [ "1", 1 ], [ "C2", 7 ],
[ "C2 x ((C3 x C3) : C2)", 1 ], [ "C2 x C2", 3 ], [ "C3", 3 ],
[ "C3 x C3", 1 ], [ "C3 x S3", 4 ], [ "C6", 7 ], [ "C6 x C3", 1 ],
[ "D12", 7 ], [ "S3", 10 ], [ "S3 x S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 4 ], [ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 2 ],
[ "C2 x S3 x S3", 1 ], [ "C6 x C2", 2 ], [ "C6 x S3", 2 ], [ "D12", 6 ],
[ "S3 x S3", 2 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 4 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
3
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
4
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 4 ] ]
(2-2-3) G = 12T 77 ≃ (S3)2 ⋊ V4.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,77);
[S(3)^2]E(4)
gap> GeneratorsOfGroup(G);
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[ (2,6,10)(4,8,12), (2,10)(4,8), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,6,10)(4,8,12), (2,10)(4,8), (3,11)(5,9) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2, 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[1];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 288 with 7 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 24 with 3 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2, 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 0 ], [ 0, 0, 1 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 1 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Number(FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[2][2],
> y->(y[2]+y[3]) mod 2=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
86
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 19 ], [ [ false ], 67 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
67
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
19
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3) : C2", 2 ], [ "(C3 x C3) : C4", 2 ], [ "(S3 x S3) : C2", 2 ],
[ "1", 1 ], [ "C2", 7 ], [ "C2 x ((C3 x C3) : C2)", 1 ], [ "C2 x C2", 7 ],
[ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 1 ], [ "C2 x S3 x S3", 1 ],
[ "C3", 2 ], [ "C3 x C3", 1 ], [ "C3 x S3", 4 ], [ "C4", 2 ], [ "C6", 6 ],
[ "C6 x C2", 1 ], [ "C6 x C3", 1 ], [ "C6 x S3", 1 ], [ "D12", 9 ],
[ "D8", 2 ], [ "S3", 8 ], [ "S3 x S3", 5 ] ]
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gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(S3 x S3) : C2", 2 ], [ "C2 x ((C3 x C3) : C4)", 1 ],
[ "C2 x ((S3 x S3) : C2)", 1 ], [ "C2 x C2", 2 ], [ "C2 x C2 x C2", 1 ],
[ "C2 x C2 x S3", 1 ], [ "C2 x D8", 1 ], [ "C2 x S3 x S3", 1 ],
[ "C4 x C2", 1 ], [ "C6 x C2", 1 ], [ "C6 x S3", 1 ], [ "D12", 3 ],
[ "D8", 2 ], [ "S3 x S3", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 2 ], [ "C4 x C2", 1 ], [ "D8", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
7
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 4 ], 2 ], [ [ 2, 2, 4, 4 ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[8,2]); # G(8,2)=C4xC2
1
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
2
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
2
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 2 ] ]
(2-2-4) G = 12T 210 ≃ (C3)4 ⋊ (D4 × C2).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,210);
[3^4:2^2]E(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (2,10)(4,8), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,10)(4,8), (3,11,7), (5,9)(7,11), (6,10)(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
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gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2, 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[1];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 2592 with 9 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 216 with 5 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2, 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 1 ], [ 0, 1, 0 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 1 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Number(FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[2][2],y->y[2]=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
452
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 60 ], [ [ false ], 392 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
392
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
60
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 5 ],
[ "((C3 x C3) : C2) x S3", 14 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : C2", 1 ], [ "(C3 x C3 x C3 x C3) : C4", 2 ],
[ "(C3 x C3 x C3 x C3) : D8", 2 ], [ "(C3 x C3 x C3) : (C2 x C2)", 2 ],
[ "(C3 x C3 x C3) : C2", 10 ], [ "(C3 x C3) : C2", 36 ],
[ "(C3 x C3) : C4", 10 ], [ "(S3 x S3) : C2", 6 ], [ "1", 1 ], [ "C2", 7 ],
[ "C2 x ((C3 x C3) : C2)", 6 ], [ "C2 x C2", 7 ], [ "C2 x C2 x C2", 1 ],
[ "C2 x C2 x S3", 2 ], [ "C2 x S3 x S3", 4 ], [ "C3", 10 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ], [ "C3 x ((C3 x C3) : C2)", 16 ],
[ "C3 x C3", 30 ], [ "C3 x C3 x ((C3 x C3) : C2)", 6 ],
[ "C3 x C3 x C3", 10 ], [ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 16 ],
[ "C3 x S3", 52 ], [ "C3 x S3 x S3", 6 ], [ "C4", 2 ], [ "C6", 16 ],
[ "C6 x C2", 2 ], [ "C6 x C3", 6 ], [ "C6 x S3", 6 ], [ "D12", 22 ],
[ "D8", 2 ], [ "S3", 26 ], [ "S3 x ((C3 x C3) : C2)", 2 ],
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[ "S3 x S3", 40 ], [ "S3 x S3 x S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 1 ], [ "(C3 x C3 x C3 x C3) : D8", 2 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 2 ], [ "(S3 x S3) : C2", 6 ],
[ "C2 x ((C3 x C3) : C4)", 2 ], [ "C2 x ((S3 x S3) : C2)", 2 ],
[ "C2 x C2", 2 ], [ "C2 x C2 x C2", 1 ], [ "C2 x C2 x S3", 2 ],
[ "C2 x D8", 1 ], [ "C2 x S3 x S3", 4 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ], [ "C3 x S3 x S3", 6 ],
[ "C4 x C2", 1 ], [ "C6 x C2", 2 ], [ "C6 x S3", 6 ], [ "D12", 6 ],
[ "D8", 2 ], [ "S3 x S3", 6 ], [ "S3 x S3 x S3", 2 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 2 ], [ "C4 x C2", 1 ], [ "D8", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
7
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 4 ], 2 ], [ [ 2, 2, 4, 4 ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[8,2]); # G(8,2)=C4xC2
1
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
2
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
2
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 2 ] ]
(2-2-5) G = 12T 214 ≃ (C3)4 ⋊ ((C4 × C2)⋊ C2).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,214);
[1/2.F_36^2]2
gap> GeneratorsOfGroup(G);
[ (4,8,12), (2,10)(4,8), (1,7)(2,8,10,4)(3,9,11,5)(6,12),
(1,12)(2,3)(4,5)(6,7)(8,9)(10,11) ]
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gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (2,10)(4,8), (2,6,10), (3,11)(5,9), (3,7,11) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 2 ], [ [ 1, 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 3 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[2];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 2592 with 9 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 216 with 6 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 6 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2, 2 ], [ [ 2, 2, 2 ], [ [ 1, 0, 0 ], [ 0, 1, 1 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 0, 1, 1 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Number(FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[2][2],y->y[1]=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
245
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 16 ], [ [ false ], 229 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
229
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
16
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 3 ],
[ "((C3 x C3) : C2) x S3", 5 ], [ "(C3 x C3 x C3 x C3) : (C4 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : C2", 1 ], [ "(C3 x C3 x C3 x C3) : C4", 4 ],
[ "(C3 x C3 x C3 x C3) : D8", 2 ], [ "(C3 x C3 x C3) : C2", 8 ],
[ "(C3 x C3) : C2", 31 ], [ "(C3 x C3) : C4", 19 ], [ "(S3 x S3) : C2", 4 ],
[ "1", 1 ], [ "C2", 4 ], [ "C2 x ((C3 x C3) : C2)", 3 ],
[ "C2 x ((C3 x C3) : C4)", 1 ], [ "C2 x C2", 3 ], [ "C3", 8 ],
[ "C3 x ((C3 x C3) : C2)", 6 ], [ "C3 x C3", 28 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 3 ], [ "C3 x C3 x C3", 8 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 6 ], [ "C3 x S3", 24 ],
[ "C4", 4 ], [ "C4 x C2", 1 ], [ "C6", 6 ], [ "C6 x C3", 3 ], [ "D12", 6 ],
[ "D8", 2 ], [ "S3", 14 ], [ "S3 x ((C3 x C3) : C2)", 1 ],
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[ "S3 x S3", 18 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 2 ], [ "(C3 x C3 x C3 x C3) : D8", 1 ],
[ "(C3 x C3 x C3 x C3) : Q8", 1 ], [ "(C3 x C3) : Q8", 2 ],
[ "(C4 x C2) : C2", 1 ], [ "(S3 x S3) : C2", 2 ],
[ "C2 x ((C3 x C3) : C4)", 2 ], [ "C4 x C2", 2 ], [ "D8", 1 ], [ "Q8", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C4 x C2", 2 ], [ "D8", 1 ], [ "Q8", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
1
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 2 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
2
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
1
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 1 ] ]
gap> Number(Gcs,x->IdSmallGroup(Representative(x))=[8,4]); # G(8,4)=Q8
1
(2-2-6) G = 12T 242 ≃ (C3)4 ⋊ ((C2)3 ⋊ V4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,242);
[3^4:2^3]E(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (4,8)(7,11), (2,10)(4,8), (1,10)(2,5)(3,12)(4,7)(6,9)(8,11),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (4,8)(7,11), (2,10)(4,8), (3,11,7), (5,9)(8,12), (6,10)
(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 1 ] ] ] ]
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 123
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 2, 2 ], [ [ 1, 1, 1 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2, 2 ][ 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
gap> cG:=cGs[1];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 5184 with 10 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 432 with 7 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2, 2, 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2, 2 ], [ [ 2, 2, 2, 2 ], [ [ 1, 0, 0, 0 ], [ 0, 1, 1, 1 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ 2 ], [ [ 2, 2, 2, 2 ], [ [ 0, 1, 1, 1 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Number(FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[2][2],y->y[1]=1)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
666
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
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gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 126 ], [ [ false ], 540 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
540
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
126
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 9 ],
[ "((C3 x C3) : C2) x S3", 15 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 4 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 3 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 3 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 6 ], [ "(C3 x C3 x C3 x C3) : D8", 12 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 4 ], [ "(C3 x C3 x C3) : C2", 7 ],
[ "(C3 x C3) : C2", 31 ], [ "(C3 x C3) : C4", 24 ],
[ "(S3 x S3) : C2", 24 ], [ "1", 1 ], [ "C2", 10 ],
[ "C2 x ((C3 x C3) : C2)", 9 ], [ "C2 x ((C3 x C3) : C4)", 3 ],
[ "C2 x ((S3 x S3) : C2)", 3 ], [ "C2 x C2", 13 ], [ "C2 x C2 x C2", 4 ],
[ "C2 x C2 x S3", 4 ], [ "C2 x D8", 3 ], [ "C2 x S3 x S3", 12 ],
[ "C3", 7 ], [ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 4 ],
[ "C3 x ((C3 x C3) : C2)", 18 ], [ "C3 x C3", 22 ],
[ "C3 x C3 x ((C3 x C3) : C2)", 9 ], [ "C3 x C3 x C3", 7 ],
[ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 18 ], [ "C3 x S3", 54 ],
[ "C3 x S3 x S3", 12 ], [ "C4", 6 ], [ "C4 x C2", 3 ], [ "C6", 18 ],
[ "C6 x C2", 4 ], [ "C6 x C3", 9 ], [ "C6 x S3", 12 ], [ "D12", 30 ],
[ "D8", 12 ], [ "S3", 25 ], [ "S3 x ((C3 x C3) : C2)", 3 ],
[ "S3 x S3", 57 ], [ "S3 x S3 x S3", 4 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2) : (C2 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 6 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 6 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 6 ], [ "(C3 x C3 x C3 x C3) : D8", 6 ],
[ "(C3 x C3 x C3 x C3) : Q8", 2 ], [ "(C3 x C3 x C3) : (C2 x C2)", 2 ],
[ "(C3 x C3) : Q8", 2 ], [ "(C4 x C2) : C2", 6 ], [ "(S3 x S3) : C2", 12 ],
[ "C2 x ((C3 x C3) : C4)", 6 ], [ "C2 x ((S3 x S3) : C2)", 6 ],
[ "C2 x C2", 2 ], [ "C2 x C2 x C2", 2 ], [ "C2 x C2 x S3", 2 ],
[ "C2 x D8", 6 ], [ "C2 x S3 x S3", 6 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ], [ "C3 x S3 x S3", 6 ],
[ "C4 x C2", 6 ], [ "C6 x C2", 2 ], [ "C6 x S3", 6 ], [ "D12", 6 ],
[ "D8", 6 ], [ "Q8", 2 ], [ "S3 x S3", 6 ], [ "S3 x S3 x S3", 2 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 2 ], [ "C4 x C2", 6 ], [ "D8", 6 ], [ "Q8", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
13
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=4 and IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
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gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2 ], 3 ], [ [ 2, 2, 2, 2, 4 ], 3 ],
[ [ 2, 2, 4, 4 ], 6 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 4, 4 ], 2 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
3
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
6
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 3 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 6 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
12
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmallGroup(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
6
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 12 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 6 ] ]
gap> Number(Gcs, # G(8,4)=Q8
> x->Order(Representative(x))=8 and
> IdSmallGroup(Representative(x))=[8,4]);
2
gap> Number(GcsHNPtrueMin,
x->Order(Representative(x))=8 and
> IdSmallGroup(Representative(x))=[8,4]);
2
(2-2-7) G = 12T 271 ≃ ((C3)4 ⋊ (C2)3)⋊A4(4).
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,271);
[3^4:2^3]A(4)
gap> GeneratorsOfGroup(G);
[ (4,8,12), (4,8)(7,11), (2,8,11)(3,6,12)(4,7,10), (1,7,10)(2,5,11)(3,6,9) ]
gap> H:=Stabilizer(G,1);
Group([ (4,8,12), (4,8)(7,11), (2,8,11)(3,6,12)(4,7,10), (5,9)(8,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2 ], [ [ 6 ], [ [ 3 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
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[ [ 2 ], [ [ 6 ], [ [ 3 ] ] ] ]
gap> GroupCohomology(G,3); # H^3(G,Z)=M(G): Schur multiplier of G
[ 2, 2, 2 ]
gap> cGs:=MinimalStemExtensions(G);;
gap> for cG in cGs do
> bG:=cG.MinimalStemExtension;
> bH:=PreImage(cG.epi,H);
> Print(FirstObstructionN(bG,bH).ker[1]);
> Print(FirstObstructionDnr(bG,bH).Dnr[1]);
> Print("\n");
> od;
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2, 2 ]
[ 2, 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
[ 2 ][ 2 ]
gap> cG:=cGs[3];;
gap> bG:=cG.MinimalStemExtension;
<permutation group of size 15552 with 11 generators>
gap> bH:=PreImage(cG.epi,H);
<permutation group of size 1296 with 4 generators>
gap> KerResH3Z(bG,bH:iterator);
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> FirstObstructionN(bG,bH).ker;
[ [ 2, 2 ], [ [ 2, 6 ], [ [ 1, 0 ], [ 0, 3 ] ] ] ]
gap> FirstObstructionDnr(bG,bH).Dnr;
[ [ 2 ], [ [ 2, 6 ], [ [ 1, 3 ] ] ] ]
gap> HNPtruefalsefn:=
> x->Number(FirstObstructionDr(bG,PreImage(cG.epi,x),bH).Dr[2][2],
> y->(3*y[1]+y[2]) mod 6=3)>0;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
344
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ true ], 86 ], [ [ false ], 258 ] ]
gap> GcsHNPfalse:=List(Filtered([1..Length(Gcs)],
> x->false in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse);
258
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->true in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
86
gap> Collected(List(GcsHNPfalse,x->StructureDescription(Representative(x))));
[ [ "((C3 x C3 x C3) : (C2 x C2)) : C3", 2 ],
[ "((C3 x C3 x C3) : C3) : C2", 3 ],
[ "((C3 x C3) : C2) x ((C3 x C3) : C2)", 3 ],
[ "((C3 x C3) : C2) x S3", 5 ],
[ "(C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)) : C2", 1 ],
[ "(C3 x ((C3 x C3 x C3) : C3)) : C2", 1 ],
[ "(C3 x ((C3 x C3) : C3)) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 1 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 1 ], [ "(C3 x C3 x C3 x C3) : C2", 1 ],
[ "(C3 x C3 x C3 x C3) : C4", 2 ], [ "(C3 x C3 x C3 x C3) : D8", 4 ],
[ "(C3 x C3 x C3) : (C2 x C2)", 2 ], [ "(C3 x C3 x C3) : C2", 5 ],
[ "(C3 x C3 x C3) : C3", 6 ], [ "(C3 x C3) : C2", 13 ],
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[ "(C3 x C3) : C3", 4 ], [ "(C3 x C3) : C4", 8 ], [ "(C3 x C3) : C6", 3 ],
[ "(S3 x S3 x S3) : C3", 1 ], [ "(S3 x S3) : C2", 8 ], [ "1", 1 ],
[ "A4", 2 ], [ "A4 x S3", 1 ], [ "C2", 4 ], [ "C2 x ((C3 x C3) : C2)", 3 ],
[ "C2 x ((C3 x C3) : C4)", 1 ], [ "C2 x ((S3 x S3) : C2)", 1 ],
[ "C2 x A4", 1 ], [ "C2 x C2", 5 ], [ "C2 x C2 x C2", 2 ],
[ "C2 x C2 x S3", 2 ], [ "C2 x D8", 1 ], [ "C2 x S3 x S3", 4 ],
[ "C3", 7 ], [ "C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 1 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ],
[ "C3 x ((C3 x C3 x C3) : C3)", 1 ], [ "C3 x ((C3 x C3) : C2)", 7 ],
[ "C3 x ((C3 x C3) : C3)", 1 ], [ "C3 x (C9 : C3)", 1 ], [ "C3 x A4", 1 ],
[ "C3 x C3", 15 ], [ "C3 x C3 x ((C3 x C3) : C2)", 3 ],
[ "C3 x C3 x C3", 6 ], [ "C3 x C3 x C3 x C3", 1 ], [ "C3 x C3 x S3", 6 ],
[ "C3 x S3", 22 ], [ "C3 x S3 x S3", 4 ], [ "C4", 2 ], [ "C4 x C2", 1 ],
[ "C6", 7 ], [ "C6 x C2", 2 ], [ "C6 x C3", 3 ], [ "C6 x S3", 4 ],
[ "C9", 3 ], [ "C9 : C3", 5 ], [ "C9 x C3", 1 ], [ "D12", 10 ],
[ "D8", 4 ], [ "S3", 11 ], [ "S3 x ((C3 x C3) : C2)", 1 ],
[ "S3 x S3", 19 ], [ "S3 x S3 x S3", 2 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C2 x C2 x C2) : (C2 x C2)) : C3", 1 ],
[ "((C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))) : C3", 1 ],
[ "((C3 x C3 x C3 x C3) : (C2 x C2 x C2)) : C3", 2 ],
[ "((C3 x C3 x C3 x C3) : Q8) : C3", 2 ],
[ "((C3 x C3 x C3) : (C2 x C2)) : C3", 4 ], [ "((C3 x C3) : Q8) : C3", 2 ],
[ "(C2 x C2 x C2) : (C2 x C2)", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C2 x C2 x C2) : (C2 x C2))", 1 ],
[ "(C3 x C3 x C3 x C3) : ((C4 x C2) : C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x C2 x C2)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C2 x D8)", 2 ],
[ "(C3 x C3 x C3 x C3) : (C4 x C2)", 2 ], [ "(C3 x C3 x C3 x C3) : D8", 2 ],
[ "(C3 x C3 x C3 x C3) : Q8", 2 ], [ "(C3 x C3 x C3) : (C2 x C2)", 2 ],
[ "(C3 x C3) : Q8", 2 ], [ "(C4 x C2) : C2", 2 ],
[ "(S3 x S3 x S3) : C3", 2 ], [ "(S3 x S3) : C2", 4 ], [ "A4", 4 ],
[ "A4 x S3", 2 ], [ "C2 x ((C3 x C3) : C4)", 2 ],
[ "C2 x ((S3 x S3) : C2)", 2 ], [ "C2 x A4", 2 ], [ "C2 x C2", 2 ],
[ "C2 x C2 x C2", 2 ], [ "C2 x C2 x S3", 2 ], [ "C2 x D8", 2 ],
[ "C2 x S3 x S3", 2 ], [ "C3 x (((C3 x C3 x C3) : (C2 x C2)) : C3)", 2 ],
[ "C3 x ((C3 x C3 x C3) : (C2 x C2))", 2 ], [ "C3 x A4", 2 ],
[ "C3 x S3 x S3", 2 ], [ "C4 x C2", 2 ], [ "C6 x C2", 2 ], [ "C6 x S3", 2 ],
[ "D12", 2 ], [ "D8", 2 ], [ "Q8", 2 ], [ "S3 x S3", 2 ],
[ "S3 x S3 x S3", 2 ], [ "SL(2,3)", 2 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 2 ], [ "C4 x C2", 2 ], [ "D8", 2 ], [ "Q8", 2 ] ]
gap> IsInvariantUnderAutG(GcsHNPtrueMin);
false
gap> GcsHNPfalseC2xC2:=Filtered(GcsHNPfalse, # G(4,2)=C2xC2
> x->Order(Representative(x))=4 and IdSmall(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalseC2xC2);
5
gap> GcsHNPtrueC2xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=4 and IdSmall(Representative(x))=[4,2]);;
gap> Length(GcsHNPtrueC2xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC2xC2);
false
gap> Collected(List(List(GcsHNPfalseC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2 ], 1 ], [ [ 2, 2, 2, 2, 4 ], 1 ],
[ [ 2, 2, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPtrueC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
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[ [ [ 4, 4, 4 ], 2 ] ]
gap> GcsHNPfalseC4xC2:=Filtered(GcsHNPfalse, # G(8,2)=C4xC2
> x->Order(Representative(x))=8 and IdSmall(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalseC4xC2);
1
gap> GcsHNPtrueC4xC2:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmall(Representative(x))=[8,2]);;
gap> Length(GcsHNPtrueC4xC2);
2
gap> IsInvariantUnderAutG(GcsHNPtrueC4xC2);
false
gap> Collected(List(List(GcsHNPfalseC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPtrueC4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 2 ] ]
gap> GcsHNPfalseD4:=Filtered(GcsHNPfalse, # G(8,3)=D4
> x->Order(Representative(x))=8 and IdSmall(Representative(x))=[8,3]);;
gap> Length(GcsHNPfalseD4);
4
gap> GcsHNPtrueD4:=Filtered(GcsHNPtrue,
> x->Order(Representative(x))=8 and IdSmall(Representative(x))=[8,3]);;
gap> Length(GcsHNPtrueD4);
2
gap> IsInvariantUnderAutG(GcsHNPtrueD4);
false
gap> Collected(List(List(GcsHNPfalseD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 4, 4 ], 4 ] ]
gap> Collected(List(List(GcsHNPtrueD4,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 4, 8 ], 2 ] ]
gap> Number(Gcs, # G(8,4)=Q8
> x->Order(Representative(x))=8 and IdSmall(Representative(x))=[8,4]);
2
gap> Number(GcsHNPtrueMin,
> x->Order(Representative(x))=8 and IdSmall(Representative(x))=[8,4]);
2
Example 7.6 (G = 12T 31).
(3) G = 12T 31 ≃ (C4)2 ⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,31);
[4^2]3
gap> H:=Stabilizer(G,1);
Group([ (2,11,8,5)(3,6,9,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 4 ], [ [ 4 ], [ [ 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 4 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 4 ], [ ] ] ]
gap> HNPtruefalsefn:=x->Product(FirstObstructionDr(G,x,H).Dr[1]);
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
10
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
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gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ 1 ], 5 ], [ [ 2 ], 3 ], [ [ 4 ], 2 ] ]
gap> GcsHNPfalse1:=List(Filtered([1..Length(Gcs)],
> x->1 in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse1);
5
gap> GcsHNPfalse2:=List(Filtered([1..Length(Gcs)],
> x->2 in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse2);
3
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->4 in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse1,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "C2", 1 ], [ "C3", 1 ], [ "C4", 2 ] ]
gap> Collected(List(GcsHNPfalse2,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "C2 x C2", 1 ], [ "C4 x C2", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C4 x C4) : C3", 1 ], [ "C4 x C4", 1 ] ]
Example 7.7 (G = 12T 57).
(4) G = 12T 57 ≃ ((C4 × C2)⋊ C4)⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,57);
[(1/2.2^2)^3]A_4(6)_4
gap> GeneratorsOfGroup(G);
[ (1,12)(2,3), (1,5,9)(2,6,10)(3,7,11)(4,8,12), (1,2,12,3)(4,7)(5,6)(8,9) ]
gap> H:=Stabilizer(G,1);
Group([ (8,9)(10,11), (2,3)(4,7,5,6)(8,11)(9,10) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2, 4 ], [ [ 2, 4 ], [ [ 1, 0 ], [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ 2 ], [ [ 2, 4 ], [ [ 1, 0 ] ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr;
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
21
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ [ [ ], [ [ 2, 4 ], [ ] ] ] ], 5 ],
[ [ [ [ 2 ], [ [ 2, 4 ], [ [ 1, 0 ] ] ] ] ], 10 ],
[ [ [ [ 2, 2 ], [ [ 2, 4 ], [ [ 1, 0 ], [ 0, 2 ] ] ] ] ], 4 ],
[ [ [ [ 2, 4 ], [ [ 2, 4 ], [ [ 1, 0 ], [ 0, 1 ] ] ] ] ], 2 ] ]
gap> GcsHNPfalse1:=List(Filtered([1..Length(Gcs)],
> x->Product(GcsHHNPtf[x][1][1])<=2),y->Gcs[y]);;
gap> Length(GcsHNPfalse1);
15
gap> GcsHNPfalse2:=List(Filtered([1..Length(Gcs)],
> x->Product(GcsHHNPtf[x][1][1])=4),y->Gcs[y]);;
gap> Length(GcsHNPfalse2);
4
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->Product(GcsHHNPtf[x][1][1])=8),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse1,x->StructureDescription(Representative(x))));
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[ [ "1", 1 ], [ "A4", 1 ], [ "C2", 3 ], [ "C2 x A4", 1 ], [ "C2 x C2", 3 ],
[ "C2 x C2 x C2", 1 ], [ "C3", 1 ], [ "C4", 2 ], [ "C4 x C2", 1 ],
[ "C6", 1 ] ]
gap> Collected(List(GcsHNPfalse2,x->StructureDescription(Representative(x))));
[ [ "C4 x C2", 3 ], [ "C4 x C2 x C2", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "((C4 x C2) : C4) : C3", 1 ], [ "(C4 x C2) : C4", 1 ] ]
gap> GcsHNPfalse2Min:=MinConjugacyClassesSubgroups(GcsHNPfalse2);;
gap> Collected(List(GcsHNPfalse2Min,x->StructureDescription(Representative(x))));
[ [ "C4 x C2", 3 ] ]
gap> IsInvariantUnderAutG(GcsHNPfalse2Min);
false
gap> GcsHNPfalse1C4xC2:=Filtered(GcsHNPfalse1, # G(8,2)=C4xC2
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalse1C4xC2);
1
gap> GcsHNPfalse2C4xC2:=Filtered(GcsHNPfalse2,
> x->IdSmallGroup(Representative(x))=[8,2]);;
gap> Length(GcsHNPfalse2C4xC2);
3
gap> Collected(List(List(GcsHNPfalse1C4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 4, 4 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalse2C4xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 1 ], [ [ 2, 2, 4, 4 ], 2 ] ]
Example 7.8 (G = 12T 32).
(5) G = 12T 32 ≃ (C2)4 ⋊ C3.
gap> Read("HNP.gap");
gap> G:=TransitiveGroup(12,32);
[E(4)^2]3
gap> GeneratorsOfGroup(G);
[ (1,10)(3,12)(4,7)(6,9), (1,7)(3,9)(4,10)(6,12),
(1,5,9)(2,6,10)(3,7,11)(4,8,12) ]
gap> H:=Stabilizer(G,1);
Group([ (2,5)(3,12)(6,9)(8,11), (2,8)(3,9)(5,11)(6,12) ])
gap> FirstObstructionN(G,H).ker;
[ [ 2, 2 ], [ [ 2, 2 ], [ [ 1, 0 ], [ 0, 1 ] ] ] ]
gap> FirstObstructionDnr(G,H).Dnr;
[ [ ], [ [ 2, 2 ], [ ] ] ]
gap> KerResH3Z(G,H:iterator);
[ [ ], [ [ 2, 2, 2, 2 ], [ ] ] ]
gap> HNPtruefalsefn:=x->FirstObstructionDr(G,x,H).Dr[2][2];
function( x ) ... end
gap> Gcs:=ConjugacyClassesSubgroups(G);;
gap> Length(Gcs);
34
gap> GcsH:=ConjugacyClassesSubgroupsNGHOrbitRep(Gcs,H);;
gap> GcsHHNPtf:=List(GcsH,x->List(x,HNPtruefalsefn));;
gap> Collected(List(GcsHHNPtf,Set));
[ [ [ [ ] ], 23 ], [ [ [ [ 0, 1 ] ] ], 3 ], [ [ [ [ 1, 0 ] ] ], 3 ],
[ [ [ [ 1, 0 ], [ 0, 1 ] ] ], 2 ], [ [ [ [ 1, 1 ] ] ], 3 ] ]
gap> GcsHNPfalse1:=List(Filtered([1..Length(Gcs)],
> x->[] in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse1);
23
gap> GcsHNPfalse2a:=List(Filtered([1..Length(Gcs)],
> x->[[1,0]] in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse2a);
3
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gap> GcsHNPfalse2b:=List(Filtered([1..Length(Gcs)],
> x->[[0,1]] in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse2b);
3
gap> GcsHNPfalse2c:=List(Filtered([1..Length(Gcs)],
> x->[[1,1]] in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPfalse2c);
3
gap> GcsHNPtrue:=List(Filtered([1..Length(Gcs)],
> x->[[1,0],[0,1]] in GcsHHNPtf[x]),y->Gcs[y]);;
gap> Length(GcsHNPtrue);
2
gap> Collected(List(GcsHNPfalse1,x->StructureDescription(Representative(x))));
[ [ "1", 1 ], [ "A4", 2 ], [ "C2", 5 ], [ "C2 x C2", 12 ],
[ "C2 x C2 x C2", 2 ], [ "C3", 1 ] ]
gap> Collected(List(GcsHNPfalse2a,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ] ]
gap> Collected(List(GcsHNPfalse2b,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ] ]
gap> Collected(List(GcsHNPfalse2c,x->StructureDescription(Representative(x))));
[ [ "A4", 1 ], [ "C2 x C2", 1 ], [ "C2 x C2 x C2", 1 ] ]
gap> Collected(List(GcsHNPtrue,x->StructureDescription(Representative(x))));
[ [ "(C2 x C2 x C2 x C2) : C3", 1 ], [ "C2 x C2 x C2 x C2", 1 ] ]
gap> GcsHNPtrueMin:=MinConjugacyClassesSubgroups(GcsHNPtrue);;
gap> Collected(List(GcsHNPtrueMin,x->StructureDescription(Representative(x))));
[ [ "C2 x C2 x C2 x C2", 1 ] ]
gap> GcsHNPfalse2aMin:=MinConjugacyClassesSubgroups(GcsHNPfalse2a);;
gap> GcsHNPfalse2bMin:=MinConjugacyClassesSubgroups(GcsHNPfalse2b);;
gap> GcsHNPfalse2cMin:=MinConjugacyClassesSubgroups(GcsHNPfalse2c);;
gap> Collected(List(GcsHNPfalse2aMin,
> x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ] ]
gap> Collected(List(GcsHNPfalse2bMin,
> x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ] ]
gap> Collected(List(GcsHNPfalse2cMin,
> x->StructureDescription(Representative(x))));
[ [ "C2 x C2", 1 ] ]
gap> IsInvariantUnderAutG(GcsHNPfalse2aMin);
false
gap> IsInvariantUnderAutG(GcsHNPfalse2bMin);
false
gap> IsInvariantUnderAutG(GcsHNPfalse2cMin);
false
gap> IsInvariantUnderAutG(Union(
> GcsHNPfalse2aMin,GcsHNPfalse2bMin,GcsHNPfalse2cMin));
false
gap> GcsHNPfalse1C2xC2:=Filtered(GcsHNPfalse1, # G(4,2)=C2xC2
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalse1C2xC2);
12
gap> GcsHNPfalse2aC2xC2:=Filtered(GcsHNPfalse2a,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> GcsHNPfalse2bC2xC2:=Filtered(GcsHNPfalse2b,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> GcsHNPfalse2cC2xC2:=Filtered(GcsHNPfalse2c,
> x->IdSmallGroup(Representative(x))=[4,2]);;
gap> Length(GcsHNPfalse2aC2xC2);
1
gap> Length(GcsHNPfalse2bC2xC2);
1
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gap> Length(GcsHNPfalse2cC2xC2);
1
gap> Collected(List(List(GcsHNPfalse1C2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 4 ], 6 ], [ [ 2, 2, 4, 4 ], 3 ], [ [ 4, 4 ], 1 ],
[ [ 4, 4, 4 ], 2 ] ]
gap> Collected(List(List(GcsHNPfalse2aC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalse2bC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> Collected(List(List(GcsHNPfalse2cC2xC2,Representative),
> x->SortedList(List(Orbits(x),Length))));
[ [ [ 2, 2, 2, 2, 2, 2 ], 1 ] ]
gap> IsNormal(G,Representative(GcsHNPfalse2aMin[1]));
true
gap> IsNormal(G,Representative(GcsHNPfalse2bMin[1]));
true
gap> IsNormal(G,Representative(GcsHNPfalse2cMin[1]));
true
gap> NG:=NormalSubgroups(G);;
gap> Length(NG);
8
gap> List(NG,Order);
[ 48, 16, 4, 4, 4, 4, 4, 1 ]
gap> List(NG,StructureDescription);
[ "(C2 x C2 x C2 x C2) : C3", "C2 x C2 x C2 x C2", "C2 x C2", "C2 x C2",
"C2 x C2", "C2 x C2", "C2 x C2", "1" ]
gap> NGC2xC2:=Filtered(NG,x->IdSmallGroup(x)=[4,2]);;
gap> Length(NGC2xC2);
5
gap> List(List(GcsHNPfalse2aC2xC2,Representative),x->Position(NGC2xC2,x));
[ 1 ]
gap> List(List(GcsHNPfalse2bC2xC2,Representative),x->Position(NGC2xC2,x));
[ 5 ]
gap> List(List(GcsHNPfalse2cC2xC2,Representative),x->Position(NGC2xC2,x));
[ 3 ]
gap> GcsHNPfalse2abcC2xC2:=Concatenation(
> List([GcsHNPfalse2aC2xC2,GcsHNPfalse2bC2xC2,GcsHNPfalse2cC2xC2],
> x->List(x,Representative)));;
gap> List(GcsHNPfalse2abcC2xC2,Elements);
[ [ (), (2,5)(3,12)(6,9)(8,11), (1,10)(3,12)(4,7)(6,9),
(1,10)(2,5)(4,7)(8,11) ],
[ (), (2,8)(3,9)(5,11)(6,12), (1,7)(3,9)(4,10)(6,12),
(1,7)(2,8)(4,10)(5,11) ],
[ (), (2,11)(3,6)(5,8)(9,12), (1,4)(3,6)(7,10)(9,12),
(1,4)(2,11)(5,8)(7,10) ] ]
gap> GcsHNPfalse1C2xC2N:=Filtered(List(GcsHNPfalse1C2xC2,Representative),
> x->IsNormal(G,x));;
gap> List(GcsHNPfalse1C2xC2N,Elements);
[ [ (), (1,4)(2,5)(3,9)(6,12)(7,10)(8,11), (1,7)(2,11)(3,12)(4,10)(5,8)(6,9),
(1,10)(2,8)(3,6)(4,7)(5,11)(9,12) ],
[ (), (1,4)(2,8)(3,12)(5,11)(6,9)(7,10), (1,7)(2,5)(3,6)(4,10)(8,11)(9,12),
(1,10)(2,11)(3,9)(4,7)(5,8)(6,12) ] ]
8. GAP algorithms
We give GAP algorithms for computing the total obstruction Obs(K/k) and the first obstruction Obs1(L/K/k)
as in Section 6. The functions which are provided in this section are available from
https://www.math.kyoto-u.ac.jp/~yamasaki/Algorithm/Norm1ToriHNP/.
LoadPackage("HAP");
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 133
Norm1TorusJ :=function(d,n)
local I,M1,M2,M,f,Sn,T;
I:=IdentityMat(d-1);
Sn:=SymmetricGroup(d);
T:=TransitiveGroup(d,n);
M1:=Concatenation(List([2..d-1],x->I[x]),[-List([1..d-1],One)]);
if d=2 then
M:=[M1];
else
M2:=Concatenation([I[2],I[1]],List([3..d-1],x->I[x]));
M:=[M1,M2];
fi;
f:=GroupHomomorphismByImages(Sn,Group(M),GeneratorsOfGroup(Sn),M);
return Image(f,T);
end;
AbelianInvariantsSNF := function(G)
local n,m,s,l;
if Order(G)=1 then
return [];
fi;
n:=AbelianInvariants(G);
m:=DiagonalMat(n);
s:=SmithNormalFormIntegerMat(m);
return Filtered(DiagonalOfMat(s),x -> x>1);
end;
AbelianizationGen:= function(G)
local Gab,pi,inv,A,iso,gen,genrep;
Reset(GlobalMersenneTwister);
Reset(GlobalRandomSource);
pi:=NaturalHomomorphismByNormalSubgroup(G,DerivedSubgroup(G));
Gab:=Image(pi);
inv:=AbelianInvariantsSNF(Gab);
A:=AbelianGroup(inv);
iso:=IsomorphismGroups(A,Gab);
gen:=List(GeneratorsOfGroup(A),x->Image(iso,x));
genrep:=List(gen,x->PreImagesRepresentative(pi,x));
return rec(Gab:=Gab, gen:=gen, genrep:=genrep, inv:=inv, pi:=pi);
end;
FindGenFiniteAbelian:= function(g)
local e,a,ga,iso;
e:=AbelianInvariants(g);
if Length(e)>1 then
e:=SmithNormalFormIntegerMat(DiagonalMat(e));
e:=List([1..Length(e)],x->e[x][x]);
e:=Filtered(e,x->x>1);
fi;
a:=AbelianGroup(e);
ga:=GeneratorsOfGroup(a);
iso:=IsomorphismGroups(a,g);
return List(ga,x->Image(iso,x));
end;
EltFiniteAbelian:= function(arg)
local g,c,gg,F,gF,hom,cF,e;
g:=arg[1];
c:=arg[2];
if Length(arg)=3 then
gg:=arg[3];
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else
gg:=GeneratorsOfGroup(g);
fi;
F:=FreeGroup(Length(gg));
gF:=GeneratorsOfGroup(F);
hom:=GroupHomomorphismByImages(F,g,gF,gg);
cF:=PreImagesRepresentative(hom,c);
e:=List(gF,x->ExponentSumWord(cF,x));
return e;
end;
FirstObstructionN:= function(arg)
local G,H,Gab,Hab,K,Kinv,mat,v,Habbase,ker1;
G:=arg[1];
if Length(arg)=1 then
H:=Stabilizer(G,1);
else
H:=arg[2];
fi;
Gab:=AbelianizationGen(G);
Hab:=AbelianizationGen(H);
Hab.Hab:=Hab.Gab;
Unbind(Hab.Gab);
if DerivedSubgroup(H)=H then
return rec(ker:=[[],[[],[]]], Hab:=Hab, Gab:=Gab, psi:=[]);
fi;
if DerivedSubgroup(G)=G then
return rec(ker:=[Hab.inv,[Hab.inv,IdentityMat(Length(Hab.inv))]],
Hab:=Hab, Gab:=Gab, psi:=List(Hab.inv,x->[]));
fi;
K:=Image(Hab.pi,Intersection(H,DerivedSubgroup(G)));
Kinv:=AbelianInvariantsSNF(K);
mat:=[];
for v in Hab.genrep do
Add(mat,EltFiniteAbelian(Gab.Gab,Image(Gab.pi,v),Gab.gen));
od;
Habbase:=DiagonalMat(Hab.inv);
ker1:=List(GeneratorsOfGroup(K),x->EltFiniteAbelian(Hab.Hab,x,Hab.gen));
ker1:=LatticeBasis(Concatenation(Habbase,ker1));
ker1:=LatticeBasis(Difference(ker1,Habbase));
return rec(ker:=[Kinv,[Hab.inv,ker1]],
Hab:=Hab, Gab:=Gab, psi:=mat);;
end;
FirstObstructionDnr:= function(arg)
local G,H,Gab,Hab,HG,HGrep,Dnrgen,h,x,Dnr,Dnrinv,Habbase,Dnrmat;
G:=arg[1];
if Length(arg)=1 then
H:=Stabilizer(G,1);
else
H:=arg[2];
fi;
Gab:=AbelianizationGen(G);
Hab:=AbelianizationGen(H);
Hab.Hab:=Hab.Gab;
Unbind(Hab.Gab);
if DerivedSubgroup(H)=H then
return rec(Dnr:=[[],[[],[]]], Hab:=Hab, Gab:=Gab);
fi;
Reset(GlobalMersenneTwister);
Reset(GlobalRandomSource);
HG:=RightCosets(G,H);
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HGrep:=List(HG,Representative);
Dnrgen:=[];
for x in HGrep do
for h in GeneratorsOfGroup(Intersection(H,H^x)) do
Add(Dnrgen,Image(Hab.pi,Comm(h,x^-1)));
od;
od;
Dnr:=Group(Dnrgen,Identity(Hab.Hab));
Dnrinv:=AbelianInvariantsSNF(Dnr);
Habbase:=DiagonalMat(Hab.inv);
Dnrmat:=List(Dnrgen,x->EltFiniteAbelian(Hab.Hab,x,Hab.gen));
Dnrmat:=LatticeBasis(Concatenation(Habbase,Dnrmat));
Dnrmat:=LatticeBasis(Difference(Dnrmat,Habbase));
return rec(Dnr:=[Dnrinv,[Hab.inv,Dnrmat]],
Hab:=Hab, Gab:=Gab);
end;
FirstObstructionDr:= function(arg)
local G,Gv,H,Gab,Hab,HGGv,HGGvrep,Hwi,Hwiab,Gvab,psi2i,i,psi2iimage,Hw,
psi2,ker,phi1i,phi1iimage,phi1,Dr,Drinv,Habbase,Drmat;
G:=arg[1];
Gv:=arg[2];
if Length(arg)=2 then
H:=Stabilizer(G,1);
else
H:=arg[3];
fi;
Gab:=AbelianizationGen(G);
Hab:=AbelianizationGen(H);
Hab.Hab:=Hab.Gab;
Unbind(Hab.Gab);
if DerivedSubgroup(H)=H then
return rec(Dr:=[[],[[],[]]], Hab:=Hab, Gab:=Gab);
fi;
HGGv:=DoubleCosets(G,H,Gv);
HGGvrep:=List(HGGv,Representative);
Hwi:=List(HGGvrep,x->Intersection(Gv^(x^(-1)),H));
Hwiab:=List(Hwi,AbelianizationGen);
Gvab:=AbelianizationGen(Gv);
psi2i:=[];
for i in [1..Length(HGGv)] do
psi2iimage:=List(Hwiab[i].genrep,x->x^HGGvrep[i]);
psi2iimage:=List(psi2iimage,x->Image(Gvab.pi,x));
Add(psi2i,GroupHomomorphismByImages(Hwiab[i].Gab,Gvab.Gab,Hwiab[i].gen,
psi2iimage));
od;
Hw:=DirectProduct(List(Hwiab,x->x.Gab));
psi2:=GroupHomomorphismByFunction(Hw,Gvab.Gab,x->
Product([1..Length(HGGv)],i->Image(psi2i[i],Image(Projection(Hw,i),x))));
ker:=Kernel(psi2);
phi1i:=[];
for i in [1..Length(HGGv)] do
phi1iimage:=List(Hwiab[i].genrep,x->Image(Hab.pi,x));
Add(phi1i,GroupHomomorphismByImages(Hwiab[i].Gab,Hab.Hab,Hwiab[i].gen,
phi1iimage));
od;
phi1:=GroupHomomorphismByFunction(Hw,Hab.Hab,x->
Product([1..Length(HGGv)],i->Image(phi1i[i],Image(Projection(Hw,i),x))));
Dr:=Image(phi1,ker);
Drinv:=AbelianInvariantsSNF(Dr);
Habbase:=DiagonalMat(Hab.inv);
Drmat:=List(GeneratorsOfGroup(Dr),x->EltFiniteAbelian(Hab.Hab,x,Hab.gen));
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Drmat:=LatticeBasis(Concatenation(Habbase,Drmat));
Drmat:=LatticeBasis(Difference(Drmat,Habbase));
return rec(Dr:=[Drinv,[Hab.inv,Drmat]],
Hab:=Hab, Gab:=Gab);
end;
MaximalSubgroups2:= function(G)
Reset(GlobalMersenneTwister);
Reset(GlobalRandomSource);
return SortedList(MaximalSubgroups(G));
end;
SchurCoverG:= function(G)
local epi,iso,ScG,ScGg,GG,GGg,Gg,n,i,id;
Reset(GlobalMersenneTwister);
Reset(GlobalRandomSource);
epi:=EpimorphismSchurCover(G);
iso:=IsomorphismPermGroup(Source(epi));
ScG:=Source(epi);
ScGg:=GeneratorsOfGroup(ScG);
GG:=Range(iso);
GGg:=List(ScGg,x->Image(iso,x));
Gg:=List(ScGg,x->Image(epi,x));
epi:=GroupHomomorphismByImages(GG,G,GGg,Gg);
n:=NrMovedPoints(Source(epi));
if n>=2 and n<=30 and IsTransitive(Source(epi),[1..n]) then
for i in [1..NrTransitiveGroups(n)] do
if Order(TransitiveGroup(n,i))=Order(Source(epi)) and
IsConjugate(SymmetricGroup(n),
TransitiveGroup(n,i),Source(epi)) then
id:=[n,i];
break;
fi;
od;
return rec(SchurCover:=Source(epi), epi:=epi, Tid:=id);
else
return rec(SchurCover:=Source(epi), epi:=epi);
fi;
end;
MinimalStemExtensions:= function(G)
local ScG,ScGg,K,MK,ans,m,pi,cG,cGg,iso,GG,GGg,Gg,epi,n,i,id;
ScG:=SchurCoverG(G);
ScGg:=GeneratorsOfGroup(ScG.SchurCover);
K:=Kernel(ScG.epi);
MK:=MaximalSubgroups2(K);
ans:=[];
for m in MK do
pi:=NaturalHomomorphismByNormalSubgroup(ScG.SchurCover,m);
cG:=Range(pi);
cGg:=List(ScGg,x->Image(pi,x));
iso:=IsomorphismPermGroup(Range(pi));
GG:=Range(iso);
GGg:=List(cGg,x->Image(iso,x));
Gg:=List(ScGg,x->Image(ScG.epi,x));
epi:=GroupHomomorphismByImages(GG,G,GGg,Gg);
n:=NrMovedPoints(Source(epi));
if n>=2 and n<=30 and IsTransitive(Source(epi),[1..n]) then
for i in [1..NrTransitiveGroups(n)] do
if Order(TransitiveGroup(n,i))=Order(Source(epi)) and
IsConjugate(SymmetricGroup(n),
TransitiveGroup(n,i),Source(epi)) then
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id:=[n,i];
break;
fi;
od;
Add(ans,rec(MinimalStemExtension:=Source(epi), epi:=epi, Tid:=id));
else
Add(ans,rec(MinimalStemExtension:=Source(epi), epi:=epi));
fi;
od;
return ans;
end;
ResHnZ:= function(arg)
local RG,RH,n,G,H,inj,map,mapZ,CRGn,CRHn,HnG,HnH,m,res,null,ker,Hng,Hnggen,
Hnh,Hnhgen,resHnggen,torbase,im,coker,hom,cokergen,cokergen1;
RG:=arg[1];
RH:=arg[2];
n:=arg[3];
G:=RG!.group;
H:=RH!.group;
inj:=GroupHomomorphismByFunction(H,G,x->x);
map:=EquivariantChainMap(RH,RG,inj);
mapZ:=HomToIntegers(map);
if Length(arg)>=4 then
CRGn:=arg[4];
else
CRGn:=CR_CocyclesAndCoboundaries(RG,n,true);
fi;
if Length(arg)=5 then
CRHn:=arg[5];
else
CRHn:=CR_CocyclesAndCoboundaries(RH,n,true);
fi;
HnG:=CRGn.torsionCoefficients;
HnH:=CRHn.torsionCoefficients;
if HnG=[] then
if HnH=[] then
return rec(HnGZ:=[],HnHZ:=HnH,Res:=[],Ker:=[[],[[],[]]],
Coker:=[[],[[],[]]]);
else
return rec(HnGZ:=[],HnHZ:=HnH,Res:=[],Ker:=[[],[[],[]]],
Coker:=[HnH,[HnH,IdentityMat(Length(HnH))]]);
fi;
fi;
if HnH=[] then
return rec(HnGZ:=HnG,HnHZ:=[],
Res:=List(HnG,x->[]),Ker:=[HnG,[HnG,IdentityMat(Length(HnG))]],
Coker:=[[],[[],[]]]);
fi;
m:=List(IdentityMat(Length(HnG)),x->
CRHn.cocycleToClass(mapZ!.mapping(CRGn.classToCocycle(x),n)));
null:=NullspaceIntMat(m);
Hng:=AbelianGroup(HnG);
Hnggen:=GeneratorsOfGroup(Hng);
Hnh:=AbelianGroup(HnH);
Hnhgen:=GeneratorsOfGroup(Hnh);
resHnggen:=List(m,x->Product([1..Length(Hnhgen)],y->Hnhgen[y]^x[y]));
res:=GroupHomomorphismByImages(Hng,Hnh,Hnggen,resHnggen);
ker:=Kernel(res);
im:=Image(res);
null:=List(GeneratorsOfGroup(ker),x->EltFiniteAbelian(Hng,x,Hnggen));
torbase:=DiagonalMat(HnG);
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null:=LatticeBasis(Concatenation(torbase,null));
null:=LatticeBasis(Difference(null,torbase));
hom:=NaturalHomomorphismByNormalSubgroup(Hnh,im);
coker:=Image(hom);
if Order(coker)=1 then
return rec(HnGZ:=HnG,HnHZ:=HnH,Res:=m,
Ker:=[AbelianInvariantsSNF(ker),[HnG,null]],Coker:=[[],[HnH,[]]]);
fi;
cokergen:=FindGenFiniteAbelian(coker);
cokergen1:=List(cokergen,x->Representative(PreImages(hom,x)));
cokergen1:=List(cokergen1,x->EltFiniteAbelian(Hnh,x,Hnhgen));
return rec(HnGZ:=HnG,HnHZ:=HnH,Res:=m,
Ker:=[AbelianInvariantsSNF(ker),[HnG,null]],
Coker:=[AbelianInvariants(coker),[HnH,cokergen1]]);
end;
CosetRepresentationTid:= function(G,H)
local Gg,HG,HGg,HGgr,n,i,id;
Gg:=GeneratorsOfGroup(G);
HG:=RightCosets(G,H);
HGg:=List(Gg,x->Permutation(x,HG,OnRight));
HGgr:=Group(HGg,());
n:=Index(G,H);
if n=1 then
id:=[1,1];
elif n<=30 then
for i in [1..NrTransitiveGroups(n)] do
if Order(TransitiveGroup(n,i))=Order(HGgr) and
IsConjugate(SymmetricGroup(n),TransitiveGroup(n,i),HGgr) then
id:=[n,i];
break;
fi;
od;
else
id:=fail;
fi;
return id;
end;
AlwaysHNPholds:= function(Tid)
local n,i,tbl,tbl4,tbl6,tbl8,tbl9,tbl10,tbl12,tbl14,tbl15;
tbl4:=[2,4];
tbl6:=[4,12];
tbl8:=[2,3,4,9,11,13,14,15,19,21,22,31,32,37,38];
tbl9:=[2,5,7,9,11,14,23];
tbl10:=[7,26,32];
tbl12:=[2,3,4,7,9,10,16,18,20,31,32,33,34,37,40,43,47,52,54,55,56,57,59,
61,64,65,66,70,71,74,75,77,88,92,93,96,97,100,102,117,122,130,132,133,
144,168,171,172,174,176,179,188,194,210,214,230,232,234,242,246,255,
261,271,280];
tbl14:=[30];
tbl15:=[9,14];
tbl:=[[],[],[],tbl4,[],tbl6,[],tbl8,tbl9,tbl10,[],tbl12,[],tbl14,tbl15];
if Tid=fail then
return fail;
fi;
n:=Tid[1];
i:=Tid[2];
if IsPrime(n) or n=1 then
return true;
elif n>15 then
return fail;
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 139
elif i in tbl[n] then
return false;
else
return true;
fi;
end;
IsMetacyclic:= function(G)
local p;
if Order(G)=1 then
return true;
fi;
for p in Set(Factors(Order(G))) do
if not IsCyclic(SylowSubgroup(G,p)) then
return false;
fi;
od;
return true;
end;
ChooseGi:= function(bG,bH)
local bGs,Gicandidates,Gis,cGi,Gi,His,Hi,flag;
bGs:=ConjugacyClassesSubgroups(bG);
Gicandidates:=Filtered(bGs,x->not IsMetacyclic(Representative(x)));
Gis:=[];
for cGi in Gicandidates do
for Gi in Elements(cGi) do
His:=Reversed(List(ConjugacyClassesSubgroups(Intersection(Gi,bH)),
Representative));
flag:=false;
for Hi in His do
if AlwaysHNPholds(CosetRepresentationTid(Gi,Hi))=true then
Add(Gis,Gi);
flag:=true;
break;
fi;
od;
if flag=true then
break;
fi;
od;
od;
return Gis;
end;
ChooseGiIterator:= function(bG,bH)
local bGs,Gicandidates,FindGi;
bGs:=ConjugacyClassesSubgroups(bG);
Gicandidates:=Filtered(bGs,x->not IsMetacyclic(Representative(x)));
FindGi:= function(cGi,bH)
local bG,Gi,His,Hi,flag;
bG:=ActingDomain(cGi);
for Gi in Elements(cGi) do
His:=Reversed(List(ConjugacyClassesSubgroups(Intersection(Gi,bH)),
Representative));
for Hi in His do
if AlwaysHNPholds(CosetRepresentationTid(Gi,Hi))=true then
return Gi;
fi;
od;
od;
return fail;
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end;
return IteratorByFunctions( rec(
IsDoneIterator:= function(iter)
local i;
for i in [iter!.pos..Length(iter!.Gicandidates)] do
iter!.found:=iter!.FindGi(iter!.Gicandidates[i],iter!.bH);
if IsGroup(iter!.found) then
iter!.pos:=i;
return false;
fi;
od;
return true;
end,
NextIterator:= function(iter)
local i,Gi;
if IsGroup(iter!.found) then
Gi:=iter!.found;
iter!.pos:=iter!.pos+1;
iter!.found:=false;
return Gi;
else
for i in [iter!.pos..Length(iter!.Gicandidates)] do
iter!.found:=iter!.FindGi(iter!.Gicandidates[i],iter!.bH);
if IsGroup(iter!.found) then
Gi:=iter!.found;
iter!.pos:=i+1;
iter!.found:=false;
return Gi;
fi;
od;
return fail;
fi;
end,
ShallowCopy:= function(iter)
return rec(
bG:=iter!.bG,
bH:=iter!.bH,
bGs:=iter!.bGs,
Gicandidates:=iter!.Gicandidates,
FindGi:=iter!.FindGi,
pos:=iter!.pos,
found:=iter!.found);
end,
bG:=bG,
bH:=bH,
bGs:=bGs,
Gicandidates:=Gicandidates,
FindGi:=FindGi,
pos:=1,
found:=false));
end;
MaximalNormalSeries:= function(G)
local M,ans,Ns,N;
Reset(GlobalMersenneTwister);
Reset(GlobalRandomSource);
M:=G;
ans:=[G];
Ns:=NormalSubgroups(G);
while Order(M)>1 do
Ns:=Filtered(Ns,x->x<>M and IsSubgroup(M,x));
M:=Ns[1];
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for N in Ns do
if Order(N)>Order(M) then
M:=N;
fi;
od;
Add(ans,M);
od;
return ans;
end;
KerResH3Z:= function(G,H)
local MNS,RG,CRG3,H3Z,torbase,kerbase,Gis,Gi,RGi,ker,H3,H3g,K;
if IsNilpotent(G) then
RG:=ResolutionNormalSeries(LowerCentralSeries(G),4);
elif IsSolvable(G) then
RG:=ResolutionNormalSeries(DerivedSeries(G),4);
else
MNS:=MaximalNormalSeries(G);
if Length(MNS)>2 then
RG:=ResolutionNormalSeries(MNS,4);
else
RG:=ResolutionFiniteGroup(G,4);
fi;
fi;
CRG3:=CR_CocyclesAndCoboundaries(RG,3,true);
H3Z:=CRG3.torsionCoefficients;
if H3Z=[] then
return [[],[[],[]]];
fi;
torbase:=DiagonalMat(H3Z);
kerbase:=IdentityMat(Length(H3Z));
if ValueOption("iterator")=true or ValueOption("Iterator")=true then
Gis:=ChooseGiIterator(G,H);
else
Gis:=ChooseGi(G,H);
fi;
for Gi in Gis do
if IsNilpotent(Gi) then
RGi:=ResolutionNormalSeries(LowerCentralSeries(Gi),4);
elif IsSolvable(Gi) then
RGi:=ResolutionNormalSeries(DerivedSeries(Gi),4);
else
MNS:=MaximalNormalSeries(Gi);
if Length(MNS)>2 then
RGi:=ResolutionNormalSeries(MNS,4);
else
RGi:=ResolutionFiniteGroup(G,4);
fi;
fi;
ker:=ResHnZ(RG,RGi,3,CRG3).Ker;
kerbase:=LatticeIntersection(kerbase,Union(ker[2][2],torbase));
kerbase:=LatticeBasis(kerbase);
if kerbase=torbase then
break;
fi;
od;
kerbase:=LatticeBasis(Difference(kerbase,torbase));
H3:=AbelianGroup(H3Z);
H3g:=GeneratorsOfGroup(H3);
K:=Group(List(kerbase,x->Product([1..Length(x)],y->H3g[y]^x[y])),Identity(H3));
return [AbelianInvariantsSNF(K),[H3Z,kerbase]];
end;
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ConjugacyClassSubgroupsNGHOrbitRep:= function(arg)
local G,H,Gv,NGH,NGGv,NGHNGGv,reps;
G:=arg[1];
Gv:=arg[2];
if Length(arg)=2 then
H:=Stabilizer(G,1);
else
H:=arg[3];
fi;
Reset(GlobalMersenneTwister);
Reset(GlobalRandomSource);
NGH:=Normalizer(G,H);
NGGv:=Normalizer(G,Gv);
reps:=List(DoubleCosets(G,NGGv,NGH),Representative);
return List(reps,x->Gv^x);
end;
ConjugacyClassesSubgroupsNGHOrbitRep:= function(arg)
local cs,G,H;
cs:=arg[1];
G:=ActingDomain(cs[1]);
if Length(arg)=1 then
H:=Stabilizer(G,1);
else
H:=arg[2];
fi;
return List(List(cs,Representative),x->ConjugacyClassSubgroupsNGHOrbitRep(G,x,H));
end;
MinConjugacyClassesSubgroups:= function(cslist)
local G,cs,K,MK,M,flag,ans;
if cslist=[] then
return [];
fi;
G:=ActingDomain(cslist[1]);
ans:=[];
for cs in cslist do
K:=Representative(cs);
MK:=MaximalSubgroups(K);
flag:=true;
for M in MK do
if ConjugacyClassSubgroups(G,M) in cslist then
flag:=false;
break;
fi;
od;
if flag=true then
Add(ans,cs);
fi;
od;
return ans;
end;
IsInvariantUnderAutG:= function(cslist)
local G,AutG,InAutG,OutGRep,todolist,todolistold,cs,Imcs;
if cslist=[] then
return true;
fi;
G:=ActingDomain(cslist[1]);
AutG:=AutomorphismGroup(G);
InAutG:=InnerAutomorphismsAutomorphismGroup(AutG);
NORM ONE TORI AND HASSE NORM PRINCIPLE, II: DEGREE 12 CASE 143
OutGRep:=List(RightCosets(AutG,InAutG),Representative);
todolist:=cslist;
while todolist<>[] do
todolistold:=todolist;
for cs in todolistold do
if not cs in todolist then
continue;
fi;
Imcs:=Set(OutGRep,x->ConjugacyClassSubgroups(G,Image(x,Representative(cs))));
if not IsSubset(Set(cslist),Imcs) then
return false;
else
todolist:=Difference(todolist,Imcs);
fi;
od;
od;
return true;
end;
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